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Abstract
The spontaneous breaking of chiral symmetry is a fascinating phenomenon of QCD
whose mechanism is still not well understood. It has fundamental phenomenological
implications. It is, for instance, responsible for the low mass of the pions which
are effectively Goldstone bosons of the spontaneously broken symmetry.In addition,
the topological fluctuations of the underlying gauge fields are directly related to the
U(1)A chiral anomaly and therefore linked to the unexpected large mass of the η′
meson.
Since these phenomena belong to the low energy regime of QCD, non-perturbative
techniques have to be applied in order to study them. Lattice regularization, through
the path integral quantization of the theory, is such a non-perturbative method and
it enables us to apply both analytical and numerical techniques from statistical
mechanics to the study of QCD.
In this work we use the twisted mass lattice QCD regularization to compute the
chiral condensate, the order parameter of spontaneous chiral symmetry breaking. To
this end we apply the recently introduced method of spectral projectors which allows
us to perform calculations in large volumes due to its inherently low computational
cost. This approach, moreover, enables a direct calculation of the chiral condensate
based on a theoretically clean definition of the observable via density chains.
We present a continuum limit determination of the chirally extrapolated conden-
sate for Nf = 2 and Nf = 2 + 1 + 1 flavours of twisted mass fermions at maximal
twist. We comprehensively investigate the systematic uncertainties arising in this
calculation which allows us to present a reliable result for the chiral condensate. A
good agreement with other lattice determinations is found.
In addition to computing the condensate, we study the chiral behavior of the topo-
logical susceptibility, a measure of the topological fluctuations of the gauge fields.
We again apply the spectral projector method for this calculation, which is based
on a definition of the topological susceptibility free of short distance singularities.
In this case one of the biggest advantages is that it avoids the necessity for compu-
tationally expensive lattice chiral fermion formulations, and therefore allows us to
perform large volume simulations. We comment on the difficulties which appear in
the calculation of this observable due to the large autocorrelations involved.
When dynamical fermions are present, chiral perturbation theory establishes a
relation between the chiral behavior of the topological susceptibility and the chiral
condensate. Through this indirect method we extract an alternative determination
of the chiral condensate which is in agreement with the previous one.
Finally we present the continuum limit result of the topological susceptibility in
the pure gluonic theory which allows us to perform a test of the Witten-Veneziano
relation. We found that this relation is well satisfied. Our results support the
validity of the Witten-Veneziano formula which relates the topological fluctuations
of the gauge fields with the unexpectedly large value of the η′ mass.
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Zusammenfassung
Die spontane Brechung der chiralen Symmetrie ist ein faszinierendes Phenomän
der QCD mit fundamentalen phänomenologischen Implikationen, dessen Mechanis-
men aber nicht vollständig verstanden sind. Die Brechung der chiral Symmetrie ist
beispielsweise verantwortlich für die niedrige Masse der Pionen, welche die effek-
tiven Goldstone Boson der spontan gebrochene Symmetrie sind. In der QCD sind
die topologischen Fluktuationen der zugrundeliegenden Eichfelder direkt mit der
U(1)A chiralen Anomalie und damit auch der unerwartet hohen Masse des η′ Meson
verknüpft.
Die spontane Brechung der chiral Symmetrie und die chirale Anomalie sind niedrig
Energie-Phenomäne der QCD, weshalb nichtperturbative Methoden nötig sind um
sie zu studieren. Die Gitterregularisierung der QCD, mit Hilfe der Pfadintegral-
Quantisierung der Theorie, ist die bislang erfolgreichste nichtstörungstheoretische
Methode, um solche nichtperturbativen Fragestellungen anzugehen. Sie ermöglicht es
uns, analytische und numerische Techniken des statistischen Mechanik anzuwenden.
In der vorliegenden Arbeit verwenden wir die Gitterregularisierung der QCD, um
das chirale Kondensat, den Ordnungsparameter der spontanen Brechung der chira-
len Symmetrie zu bestimen. Dazu wendeten wir die Definition der in dieser Arbeit
studierten Observablen über Dichteketten an, die eine theoretisch wohldefinierte
Bahndlung der Observablen zulässt. Für die praktische Berechnung wurde die kürz-
lich entwickelte Methode der spektralen Projektoren angewandt, die es ermöglicht,
diese Berechnung einem vetretbar numerischen Aufwand durchzuführen.
In dieser Weise berchnen wir den Kontinuumlimes des chiralen Kondensates, das
im chiralen Limes gewonnen, sowohl für Nf = 2 als auch für Nf = 2+1+1 Flavour
von so genannten “twisted mass” Fermionen. Ein besonderes Augenmerk wurde auf
die Untersuchung der systematischen Unsicherheiten gelegt, wodurch wir zuverläs-
sige Ergebnisse für das chirale Kondensat gewinnen koennten, die kompatibel mit
anderen Gittererrechnungen sind.
Des Weiteren untersuchen wir das chirale Verhalten der topologischen Suszepti-
bilität, woraus wir einen weiteren Wert für das chirale Kondensat erhalten, der mit
der direkten Bestimmung übereinstimmt. Wir verwenden hier wieder die Methode
der spektralen Projektoren, anstelle aufwendigerer Verfahren, die chirale Symme-
trie erhalten, aber zu numerisch sehr aufwändigen Simulationen führen. Schließlich
kommentieren wir die sich aus den starken Autokorrelationen ergebenden Schwie-
rigkeiten dieser Rechnung.
Abschließend stellen wir die Kontinuumlimes-Ergebnisse der topologischen Sus-
zeptibilität in der rein gluonischen Theorie vor, die es uns erlauben, die Witten-
Veneziano-Formel zu testen. Unseren Untersuchung zufolge ist diese Formel gut er-
füllt. Diese Tatsache stützt die Gültigkeit der Formel, die die topologischen Fluktua-
tionen der Eichfelder mit der unerwartet großen Masse des η′ Mesons in Verbindung
setzt.
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1. Chiral symmetry in QCD
The fundamental forces in nature are gravitational, electromagnetic, weak and strong.
All forces, except gravitational, are described by quantum gauge field theories. The stan-
dard model (SM) of particle physics is the current theory which describes the interaction
of the constituents of matter. It is a remarkable and outstandingly successful theory
which includes the electroweak and the strong interaction. The gravitational force is not
considered since, on the experimental side for processes at present particle colliders it
is insignificant, and on the theoretical side a consistent quantization of gravity is still
missing.
Symmetries strongly influence the construction of the standard model and guide the
understanding of numerous natural phenomena. Therefore they play a fundamental role
in nature. In fact, as it was remarkably stated by Emmy Noether, for each continu-
ous symmetry of the action there is a corresponding conservation law. In some cases,
symmetries such as chiral symmetry are spontaneously broken leading to very important
physical phenomena such as the appearance of a chiral condensate.
Within the standard model Quantum Chromodynamics (QCD) is the theory that
describes the strong interaction between quarks and gluons. We dedicate this chapter to
the introduction of QCD, its fundamental properties, its action and its symmetries. We
then focus on one central phenomenon: the already mentioned spontaneous breaking of
chiral symmetry.
Chiral symmetry and its spontaneous breaking have strong phenomenological implica-
tions that are profoundly interesting and still not well understood. This thesis is devoted
to the study of chiral symmetry and, in particular, to the calculation of quantities which
are directly related to it. The non-perturbative investigation of chiral symmetry breaking
in this thesis offers a better understanding of the mechanism behind spontaneous chiral
symmetry breaking.
Another focus of the thesis is the study of topological properties of QCD. We will
introduce the concept of a topological charge and determine its fluctuations which will
lead to the topological susceptibility. One goal of the thesis is to use the relation of the
topological susceptibility with chiral symmetry breaking to determine the chiral conden-
sate. An additional goal is to quantitatively test the Witten-Veneziano relation which
provides an explanation for the surprisingly large mass of the η′ meson by relating this
mass to the topological susceptibility in the pure gluon theory.
This chapter is presented as a theoretical motivation for the study carried out in this
thesis. Thus, it aims to introduce the fundamental concepts which are necessary to
understand the phenomena of spontaneous chiral symmetry breaking and topology that
inspired this work. For a more comprehensive discussion on QCD, chiral symmetry and
topology we refer to specialized texts, e.g. Refs. [1, 2].
1.1. Introduction to Quantum Chromodynamics
Quantum chromodynamics (QCD) is the theory which describes the strong interactions.
In the present chapter we introduce this theory starting from the quark model, which
first described the hadrons found in nature. We will also comment on some particularities
2
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of the QCD mass spectrum which will be relevant in the the next chapters. We then
present some remarkable features of QCD at high and low energies and discuss the
different approaches to the study of both regimes. We finally introduce the QCD action,
the essential building block. We will then develop further the concepts of chiral symmetry
and topology which are the crucial elements of QCD to be discussed in this thesis.
1.1.1. Quark model
The quark model, introduced in 1963 by Gell-Mann [3] and Zweig [4], and the addition of
a quantum number called flavor led to describe particles as compound systems of quarks,
elements of the fundamental representation of a global SU(3) symmetry. Quarks, so far,
are represented in nature in six different flavors. In the quark model, which originally only
included three flavors (up, down and strange), quarks transform under the transformation
3 and antiquarks under 3¯, both fundamental representations of SU(3).
The bound states of quarks, called hadrons must be invariant under SU(3) transfor-
mations, and are therefore color singlets. The only possible combinations of the lightest
up, down and strange quarks are given by
q¯iqi, mesons (1.1a)
ϵijkqiqjqk, baryons (1.1b)
ϵijkq¯iq¯j q¯k, antibaryons (1.1c)
where the subindices represent the color index. Eq. (1.1) corresponds to mesons, baryons
and antibaryons respectively as indicated. Mesons are then bound states of a quark-
antiquark pair whose product 3⊗ 3 is invariant under SU(3) and which can be decom-
posed into irreducible representations 3 ⊗ 3 = 1 ⊗ 8. Both, the octet and the singlet,
are represented in Fig. 1.1. Tab. 1.1 shows the masses and the quark content of the nine
light pseudoscalar mesons represented in Fig. 1.1 and additionally the vector mesons
S = 1
S = 0
S = −1
Q = −1 Q = 0 Q = 1
K¯0
π+
π0
η1, η8
K+K0
π−
K−
Figure 1.1.: Octet and singlet of pseudoscalar mesons.
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meson quark content mass [MeV]
π0 (dd¯− uu¯)/√2 134.98
π+ ud¯ 139.57
π+ du¯ 139.57
K+ us¯ 493.68
K+ su¯ 493.68
K0 ds¯ 497.61
K¯0 sd¯ 497.61
η1 (dd¯+ uu¯+ ss¯)/
√
3 -
η8 (dd¯+ uu¯− 2ss¯)/
√
6 -
η ≈ η8 547.85
η′ ≈ η1 957.78
ρ0 (uu¯− dd¯)/√2 775.49
ρ+ ud¯/
√
2 775.40
Table 1.1.: Quark content and masses of mesons relevant for this thesis.
ρ0, ρ+. One can see that the pions have unexpectedly low masses in comparison with
the ρ mesons, whose quark content is identical. Moreover η and η′ mesons, with a similar
quark content present a large difference in their masses. This intriguing pattern of the
meson masses has been a major motivation of this thesis with the goal to understand
theoretically this pattern from QCD.
Notice that η1 and η8 are the particles which belong to the singlet and the octet
respectively whereas the particles which are actually observed experimentally, η and
η′, are linear combinations of them. The reason is that the electroweak force causes a
mixing of eigenstates. However the mixing in this case is not very significant and the
quark content of η is similar to the η8 whereas η′ is close to η1. For more details we refer
to any specialized text, e.g. Ref. [5].
Following the same strategy one can decompose the tensor product that represents
the baryons 3⊗ 3⊗ 3, composed by three quarks, in 10⊗ 8⊗ 8⊗ 1 or equivalently the
antibaryons 3¯⊗ 3¯⊗ 3¯. Nevertheless we do not develop this line of thought further here.
1.1.2. Asymptotic freedom and confinement
QCD was introduced as the model which describes the strong interactions through a non-
Abelian gauge theory with gauge group SU(3) which is coupled to fermions in the fun-
damental representation. The reason to describe the strong nuclear interactions through
a non-Abelian gauge group is that non-Abelian gauge theories were found to be asymp-
totically free [6]. This is a fundamental property of the strong interactions which states
that for small distances (large energies) the quarks behave as free particles.
Consequently the interaction of quarks was described using a SU(3) gauge group. This
group represents the gauge fields through which the strong interactions are mediated. The
SU(3) gauge fields are referred to as gluons. Gluons belong to the Lie algebra of SU(3)
4
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and also carry a color index. The non-Abelian nature of the gauge group implies that
the gauge fileds also interact among themselves. The self-interacting property of gluons
has strong consequences, such as the confinement of quarks, which explains why experi-
mentally only compound systems of quarks (hadrons) are found and isolated quarks have
never been observed. Confinement [7] becomes relevant at low energies, corresponding to
large distances. This is in contrast to high energies, where the theory is asymptotically
free [8, 9].
The strong coupling αs determines how the fields in QCD interact with each other.
The coupling constant in QCD depends directly on the energy and it is, therefore, usually
known as the running coupling. The coupling becomes very large at low energies and
decreases at high energies. This behavior of αs, in contrast with other theories like QED,
is directly related to the phenomena of confinement and asymptotic freedom.
QCD, remarkably, is expected to describe both phenomena, confinement at low energy
and asymptotic freedom at high energies. In order to study the high energy regime
of QCD one can make an approximation through a perturbative expansion in terms of
the coupling constant. This method provides a very good description of the high energy
phenomena and its theoretical predictions have been proven to be in very good agreement
with experimental results.
However, to study low energy phenomena such as the hadron spectrum or chiral sym-
metry, the coupling constant becomes too large, preventing the use of perturbation theory.
The only non-perturbative method proposed from first principles is based on the path
integral representation of Greens functions. Moving to Euclidean space and introduc-
ing a 4-dimensional Euclidean finite lattice first of all regularizes the theory completely.
In addition, it enables the application of numerical techniques to provide quantitative
predictions avoiding the use of perturbative expansions. The concept of formulating the
theory on a discretized Euclidean space-time lattice is referred to as lattice QCD and it
provides nowadays the most successful non-perturbative evaluation of QCD. Moreover it
offers a link between the high energy and the low energy regime since some high energy
phenomena can also be addressed on the lattice, either by applying lattice perturbation
theory or through numerical techniques.
1.1.3. QCD action
Quarks and antiquarks are massive fermions in the fundamental representation of SU(3)
gauge group and are represented by Dirac spinors
ψ(x), ψ(x). (1.2)
In principle the elements described in Eq. (1.2) carry a Dirac index, generally denoted
by a greek letter, a flavor index f and a color index a
ψ(x) =

ψaf (x)

α
. (1.3)
However, for clarity of notation, we usually omit the Dirac, color and flavor indices.
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On the other hand gluons are massless gauge fields represented by traceless anti-
hermitian 3×3 matrices which live in the adjoint representation of SU(3) and are defined
at each space-time x and for a given Lorentz index µ
Aµ(x). (1.4)
We are interested in the continuum QCD action which consists of three terms: one
represents the quark fields, another one the propagation and self-interaction of the gluon
fields and an additional interaction term which describes the interaction between quarks
and gluons. Since all the phenomena we are interested in belong to the low energy
regime of QCD, we ultimately require a non-perturbative method to analyze the theory.
In particular we adopt lattice QCD as the regulator of our theory. Before we discuss
lattice QCD, we introduce the continuum QCD action in Euclidean space-time.
The fermionic part of the action includes the interacting term and it is written as
SF [ψ,ψ,A] =
Nf
f=1

d4xψ
f
(x)(γµDµ +m
f )ψf (x), (1.5)
where Dµ represents the covariant derivative which is given by
Dµ = ∂µ +Aµ. (1.6)
In Eq. (1.5) and in the following, the Einstein summation convention is assumed. In
particular the sum over Lorentz indices accounts for the Lorentz invariance of the action.
On the other hand the gluonic part of the action is
SG[A] =
1
2g2

d4x tr [Fµν(x)Fµν(x)] (1.7)
where the trace is over color indices in order to guarantee gauge invariance and Fµν is
the field strength tensor given by
Fµν = [Dµ, Dν ] = ∂µAν(x)− ∂νAµ(x) + [Aµ(x), Aν(x)]. (1.8)
In Eq. (1.8) the term [Aµ(x), Aν(x)] ̸= 0 implies the self-interaction property of the
gauge fields, which is, as said above, a remarkable feature of QCD leading to confinement.
The QCD action is then given by
SQCD[ψ,ψ,A] = SF [ψ,ψ,A] + SG[A] (1.9)
which is gauge and Lorentz invariant, both being fundamental symmetries of QCD. How-
ever we are particularly interested in another symmetry which has fundamental impli-
cations on the spectrum of QCD: chiral symmetry. In the next section chiral symmetry
will be defined and its consequences will be discussed.
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1.2. Chiral Symmetry
Once the QCD action has been introduced it can be analyzed with respect to the trans-
formations which leave the Lagrangian invariant. In the following we focus on the two
flavor theory where only the lightest quarks are considered. As it was previously men-
tioned, Eq. (1.9) remains invariant under Lorentz transformations and has a SU(3) color
gauge symmetry. In addition, the QCD action has an approximate global U(2) × U(2)
flavor symmetry 1.
To study in detail this flavor symmetry we introduce the chiral projector operators
PL, PR which transform the spinor fields ψ(x) into its chiral components ψL, ψR in the
following way
ψL = PL ψ =

1− γ5
2

ψ, ψR = PR ψ =

1 + γ5
2

ψ. (1.10)
where ψ = ψL+ψR. If we apply these transformations to the fermionic part of the QCD
action
L = ψγµDµψ +mψψ (1.11)
one can see that the mass term transforms differently from the interaction term. In
particular in the first term of Eq. (1.11)
ψγµDµψ = (ψL + ψR)γ
µDµ(ψL + ψR) = ψLγ
µDµψL + ψRγ
µDµψR, (1.12)
one can rotate the left- and right-handed parts of the Dirac fields independently, whereas
the mass term
mψψ = m(ψL + ψR)(ψL + ψR) = mψLψR +mψRψL (1.13)
mixes both chiral components.
All transformations which treat left-handed and right-handed fields separately are
chiral transformations. We can then conclude that the global U(2)×U(2) flavor symmetry
is an exact symmetry of only the massless theory, since the mass term breaks chiral
symmetry explicitly. However, if we consider the two flavor theory with the up and down
quark, U(2)×U(2) is a good approximation to a symmetry due to the low values of the
quark masses which correspond to few MeV. Even three flavors would be an acceptable,
nevertheless worse, approximation, since the mass of the strange quark introduced in the
theory is comparable to the typical QCD scale ΛQCD.
Due to the fact that the chiral transformations in the massless QCD Lagrangian treat
left- and right-handed parts of the Dirac fields separately, our global U(2) flavor symmetry
can be decomposed in the following way
U(2)L × U(2)R. (1.14)
1For a more comprehensive discussion about chiral symmetry from a latticist perspective, the author
recommends Refs. [10, 11].
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For convenience we can rewrite Eq. (1.14) into its SU(2) and U(1) parts
SU(2)L × SU(2)R × U(1)L × U(1)R. (1.15)
The associated currents of the symmetries given in Eq. (1.15) are
Lµ = ψLγµψL, Rµ = ψRγµψR (1.16)
in the singlet case, for U(1)L and U(1)R respectively. And for the non-singlet case,
SU(2)L × SU(2)R, the currents would take the following form
Laµ = ψLγµτaψL, R
a
µ = ψRγµτaψR, (1.17)
where τa = σa/2 are the generators of the SU(2) group.
Let us analyze Eq. (1.15) in more detail. To do so we first focus on U(1)L × U(1)R.
The associated transformations to U(1)L × U(1)R are given by
U(1)L : ψ
′
L → eiθLψL, (1.18)
U(1)R : ψ
′
R → eiθRψR, (1.19)
which corresponds to a rotation in flavor space.
For our original Dirac field
ψ′ =

1
2
(eiθL + eiθR) +
1
2
(eiθL − eiθR)γ5

ψ = (eiθLPL + e
iθRPR)ψ (1.20)
where eiθL , eiθR are unitary matrices and PL, PR are the chiral projectors introduced in
Eq. (1.10).
We can now define the vector subgroup U(1)V ⊂ U(1)L×U(1)R which corresponds to
setting θL = θR = θ and whose transformations are
ψ′ → (eiθPL + eiθPR)ψ = eiθψ. (1.21)
On the other hand the axial subgroup U(1)A is given by
ψ →

e−iθ5

1− γ5
2

+ eiθ5

1 + γ5
2

ψ = eiθ5γ5ψ (1.22)
where θ5 = θR = −θL.
We finally obtain the following symmetry group
SU(2)L × SU(2)R × U(1)V × U(1)A (1.23)
where U(1)V × U(1)A is associated with the following transformations
U(1)V : ψ
′ → eiθψ, ψ′ → e−iθ (1.24)
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U(1)A : ψ
′ → eiθ5γ5ψ, ψ′ → eiθ5γ5 (1.25)
In principle the massless QCD Lagrangian is invariant under both transformations
given in Eq. (1.24) and Eq. (1.25), however in the axial case (Eq. (1.25)) there is a most
interesting subtlety. Noether’s theorem states that global symmetries lead to conserved
currents, therefore the vector and the axial current should be conserved. In the case of
the axial current, however, it is only classically conserved, but the symmetry is broken
at the quantum level by the chiral anomaly and therefore an extra term appears in the
divergence of the current which takes the following form in the massless theory in four
dimensions
∂µAµ(x) = − g
2
16π2
ϵµνρσFµνFρσ. (1.26)
where Aµ = Rµ−Lµ = ψ(x)γµγ5ψ(x) is the singlet axial vector current which corresponds
to the difference of the left and right-handed currents introduced in Eq. (1.16). Therefore,
the axial U(1)A symmetry is explicitly broken by the chiral anomaly. We will come back
to this observation in the coming sections.
In contrast, the U(1)V symmetry is indeed an exact symmetry of the massless theory
and therefore it has an associated conservation law of the baryon number and, corre-
spondingly, has an exactly conserved Noether current
∂µVµ = 0. (1.27)
where Vµ = Rµ +Lµ = ψ(x)γµψ(x) is the singlet vector current given by the sum of the
left- and the right-handed currents of Eq. (1.16).
So far, we have considered the massless theory. However, let us for a moment extend
the discussion to the massive theory. To this end, we will look at the axial and vector
currents of U(1) and SU(2), which are constructed through the difference and sum of
the left- and right-handed currents introduced in Eq. (1.16) and Eq. (1.17) respectively
for the axial and vector case
∂µVµ = 0 (1.28)
∂µAµ = ψγ5Mψ − αs
4π
ϵµνρσGµνGρσ (1.29)
∂µV
a
µ = ψ [M, τ
a]ψ (1.30)
∂µA
a
µ = ψγ5 {M, τa}ψ. (1.31)
In Eq. (1.30) and Eq. (1.31) τa = σa/2 corresponds again to the generators of the
SU(2) group. M represents the diagonal mass matrix whose non-zero elements are given
by the quark masses.
The singlet vector current is always conserved, even for finite quark massess and it is
directly related to the baryon number conservation. The vector currents are conserved
for degenerate quark masses. Thus, due to the small difference in the masses of the
lightest quarks, up and down, SU(2) is known as the isospin symmetry.
We have completed the basic analysis of the U(1)L × U(1)R part of Eq. (1.15) where
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we have found the exact U(1)V symmetry related to the baryon number conservation.
We have also touched upon the U(1)A symmetry and its breaking through the chiral
anomaly which will be discussed in detail in further sections.
To summarize, we found the following global symmetry for the QCD Lagrangian
SU(2)L × SU(2)R × U(1)V . (1.32)
In the massless theory Eq. (1.32) should, in principle, be an exact symmetry. However
this would imply that the nucleon N and its parity counterpart N⋆ would be degenerate
in mass, which does not correspond with observations. The mass of the nucleon is
around 940 MeV, whereas the N⋆ mass is of 1535 MeV. Such a large difference cannot be
explained by the explicit isospin breaking of the up and down quark masses, since this
effect is supposed to be small and at most at the order of a few MeV. Consequently there
must be another reason for the mass difference of nucleon mass and the N⋆ mass.
The basic and fundamental mechanism is that the axial part of the SU(2)L×SU(2)R
symmetry is spontaneously broken. A symmetry is said to be spontaneously broken when
the Lagrangian remains invariant under the given transformations whereas the ground
state of the system does not. The spontaneous chiral symmetry breaking leads to the
formation of a non-vanishing fermion condensate,

ψ ψ

, which is not invariant under
axial transformations, and which takes a non-vanishing value even in the chiral limit.
It can be proven that the transformations of SU(2)V leaves the condensate invariant
whereas the axial transformations mixes the left- and right-handed parts, very similar to
our discussion of the mass term in the Lagrangian above. In fact, the chiral condensate
acts as a mass term breaking the symmetry spontaneously. This implies the existence of
massless Goldstone bosons which will be introduced in the next section.
The spontaneous breaking of chiral symmetry explains the observation that the nucleon
and its parity counterpart N⋆ are not degenerate in mass, as one would naively expect
studying the symmetries at the Lagrangian level.
The final expression of the global flavor symmetry takes therefore the reduced form
SU(2)V × U(1)V (1.33)
for degenerate quark masses.
In conclusion in QCD there are three sources of chiral symmetry breaking: the non-zero
mass of the quarks which breaks chiral symmetry explicitly, the spontaneous breaking
given by a non-vanishing value of the chiral condensate and the U(1)A chiral anomaly.
In the next sections we will study in detail the phenomena spontaneous chiral symmetry
breaking and the chiral anomaly as well as their phenomenological implications which
serve as the principal motivation for this thesis.
Renormalizable quark mass
As a side remark, we mention that chiral symmetry ensures that quark masses are only
multiplicatively renormalized. Thus it avoids fine tuning if one is to find light fermion in
the spectrum. This is an important fact, since there exist lattice QCD formulations which
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break chiral symmetry explicitly even at zero quark mass. In such a situation, a additive
renormalization of the quark mass is necessary leading to a fine tuning of parameters in
the action. A prominent example for such a lattice action are Wilson fermions where the
so-called Wilson term breaks chiral symmetry explicitly.
1.2.1. Spontaneous breaking of chiral symmetry
It is one of the most important properties of QCD that the strong interaction between
quarks results in a non-zero quark condensate

ψψ

. If the axial transformations are
applied to the vacuum expectation value of the condensate it leads to the mixing of left-
and right-handed fields 
ψψ

=

ψLψR + ψRψL
 ̸= 0. (1.34)
Since this mixing is closely related to chiral symmetry, the expectation value in Eq. (1.34)
is usually referred to as the chiral condensate and we will adopt this notation in the
following. A rough estimate for the size of chiral condensate is that it should be around
Λ3QCD, with ΛQCD ≈ (250GeV)3 the typical QCD scale.
A non-vanishing chiral condensate directly implies that the axial part of the SU(2)R×
SU(2)L symmetry is spontaneously broken, since the Lagrangian of the system remains
invariant under the given transformations, whereas the ground state given by the chiral
condensate does not. Consequently the chiral condensate becomes an order parameter
of the spontaneous breaking of chiral symmetry.
Notice that the chiral condensate is a non-perturbative quantity which vanishes at
tree level of perturbation theory and whose perturbative corrections also vanish due
to the symmetries of the Lagrangian. Consequently this observable is not accesible
in perturbation theory. It is only the non-perturbative lattice QCD methods which,
in principle, are able to test spontaneous chiral symmetry breaking and to determine
quantitatively the size of the chiral condensate which is exactly one of the major goals
of this thesis.
In the next section the consequences of the spontaneous chiral symmetry breaking will
be introduced and discussed.
Goldstone theorem
The Goldstone theorem states that when a continuous global symmetry is spontaneously
broken massless particles appear in the spectrum. Such a situation corresponds to a La-
grangian of the system which is invariant under this symmetry and the Noether currents
are conserved whereas the ground state of the system is not invariant. Moreover, the
Goldstone theorem states that the number of massless particles is equal to the number
of generators of the spontaneously broken symmetry.
In the last section we have studied that SU(2)L × SU(2)R breaks spontaneously to
SU(2)V . The SU(2) group has three generators and therefore we expected to find three
Goldstone bosons in the spectrum which are identified with the pions. This explains the
unexpectedly low masses of the pions that we observed in Tab. 1.1, since the pions are
effectively Goldstone bosons. The reason why the pions do not appear massless in nature
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is due to the explicit breaking induced by the small, but non-zero, quark masses. Of
course, the masses of the lightest quarks are very low and therefore the explicit breaking
is certainly mild giving the pions a light mass.
In the Nf = 3 case there would be eight Goldstone bosons corresponding to the eight
generators of the group SU(3). The Goldstone bosons are then given by the octet of
pseudo-scalar mesons, which includes the pions, the kaons and the η.
1.2.2. U(1)A anomaly
The transformations associated to the U(1)A symmetry leave the QCD Lagrangian in-
variant, whereas the condensate again mixes left- and right-handed fields. In principle
we could suspect that the U(1)A symmetry is spontaneously broken and therefore we
would expect a Goldstone boson corresponding to the generator of the group. However
the η′ meson, which would be the corresponding massless particle in the spectrum, is too
heavy to be considered a Goldstone boson, i.e. the explicit breaking given by the low
quark masses does not justify a mass of η′ of around 960 MeV. The reason for this large
mass is that U(1)A is not a continuous symmetry of the quantum field theory, since it
is explicitly broken by the chiral anomaly to a discrete symmetry, and therefore the η′
cannot be considered a Goldstone boson.
In the previous section we discussed, without entering into details, that the divergence
of the singlet axial current corresponding to the U(1)A symmetry is classically conserved
∂Aµ = 0 (1.35)
in the theory with massless fermions.
However, U(1)A is not a symmetry of the quantum field theory and the radiative
corrections give an additional term to Eq. (1.35), as it was introduced in Eq. (1.26). The
non-vanishing divergence of the singlet axial current at the quantum level is called the
chiral anomaly. In fact, it can be shown that the conservation of the singlet axial current
is not compatible with gauge invariance [1].
There are several approaches that can be followed to compute the chiral anomaly. It
can be shown perturbatively, originally for the case of Abelian theories like QED [12, 13],
that the divergence of the axial current has a non-zero matrix element that create two
photons. This can be extended to QCD through the coupling of massless fermions to
non-Abelian gauge fields.
Alternatively [14] one can perform the following chiral transformations
ψ(x)→ ψ′(x) = (1 + iα(x)γ5)ψ(x) (1.36)
ψ(x)→ ψ′(x) = ψ(1 + iα(x)γ5),
to the fermionic functional integral given by
Z =

DψDψ exp

d4x ψ /Dψ

, (1.37)
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and compute the contribution given by the fact that the measure of the integral does
change with the change of variables due to the non-trivial Jacobian J which is given by
J = exp

− g
2
16π2
ϵµνσρF
µνF σρ

. (1.38)
In either case the conclusion is that the divergence of the singlet axial current has the
following form with an additional term
∂µAµ =Mψγ5ψ +
g2
16π2
ϵµνσρF
µνF σρ. (1.39)
Notice that in Eq. (1.39) we consider a theory with massive fermions.
Index Theorem
One remarkable result, directly linked to the U(1)A anomaly, is the index theorem [15],
which relates the zero modes of the Dirac operator to the topological charge density
represented by the anomalous term which appears in the divergence of the axial current
(Eq. (1.39)). Due to its relevance for the work presented in this thesis and following
Ref. [10] we attempt to sketch the derivation below for degenerate quarks.
The information about the topology of the gauge fields is contained in the winding
number, also known as topological charge, an integer number associated to each gauge
field and which, importantly, remains unchanged under continuous deformations of the
configuration. The winding number can be defined as
ν =
g2
32π2

d4x ϵµνσρtr F
µνF σρ. (1.40)
If we integrate Eq. (1.39) the divergence of the current vanishes, since it is a pure
divergence, and one is left with the following expression
d4x m

ψγ5ψ

F
= −ν, (1.41)
where we have applied the definition of the winding number and ⟨⟩F refers to the fermionic
expectation value.
If we write

ψγ5ψ

F
in terms of the path integral is given by

ψγ5ψ

F
=
1
Z

DψDψeSF (mψψ), Z =

DψDψeSF (1.42)
where SF is the massive Euclidean fermionic action.
We expand the fermion fields in terms of eigenstates of the Dirac operator after a few
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steps of algebra, one finds
d4x m

ψγ5ψ

F
= m

n

d4x
ψ†nγ5ψn
iλ+m
(1.43)
Since

γ5, /D

= 0, the eigenstates of ψ and γ5ψ for λn ̸= 0 are orthogonal and therefore
ψγ5ψ cancels. Consequently the only terms which contribute to the sum are those for
λn = 0, i.e. the zero modes, which are eigenstates of γ5 and /D simultaneously.
We are thus led to main result of the index theorem
n− − n+ = ν (1.44)
which relates the number of zero modes of negative (n−) and positive (n+) chirality of
the Dirac operator to the winding number ν and therefore the topological charge of the
gauge fields.
A related quantity which is of high relevance for the study of topology is the topological
susceptibility χtop which is defined as
χtop =

Q2

V
(1.45)
and accounts for the fluctuations of the topological charge Q, or equivalently, the winding
number ν.
Witten-Veneziano Formula
The Witten-Veneziano formula [16, 17] relates the mass of the η′ meson with the topo-
logical susceptibility in the pure gluonic theory in the following way
F 2π
2Nf

m2η +m
2
η′ − 2m2K

= χ∞ (1.46)
where Nf = 3 is the number of light flavors and where Fπ is the pion decay constant.
This is an extraordinary result which aims to give an explanation to the unexpectedly
large mass of the η′ meson, which, through this formula, is directly related to the fluctu-
ations of the topological charge of the gauge fields. The UA(1) problem is then explained
by the appearance of topologically non trivial gauge configurations in QCD.
This remarkable result can be obtained by taking the large Nc limit, where simplifica-
tions of the theory allow us to address a variety of problems otherwise not reachable. In
particular, in Ref. [16], the ’t Hooft limit (Nc → ∞, while g2Nc and Nf are kept fixed)
is taken. Alternatively, an expansion in u = Nf/Nc around u = 0 can be used if it is
assumed that it remains valid at all orders [17].
In the chiral limit the Witten-Veneziano formula takes the following form
F 2π
2Nf
m2η′ = χ∞, (1.47)
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since η and the kaon mesons are Goldstone Bosons. This expression can be obtained in
an intuitive way through the study of anomalous flavor-singlet Ward-Takahashi identities
in limit u→ 0[18, 19].
In the large Nc limit, the fermionic determinant becomes negligible and can be ignored,
therefore, the topological susceptibility which appears on the right-hand side of Eq.(1.47)
must be computed in the pure Yang-Mills theory. If this approximation is valid only when
Nc goes to infinity, then Eq.(1.47) is valid up to O(1/Nc) corrections.
To fully understand Eq.(1.47) is not an easy matter. However, an important claim
is the fact that the mη′ ∼ 1/Nc and therefore vanishes at Nc = ∞. In such limit the
anomaly does not appear and mη′ becomes a Goldstone Boson whose mass vanishes in
the chiral limit.
1.2.3. Conclusions
After the discussion given above we can then conclude that the peculiarities found in
the spectrum of the pseudo-scalar mesons have their origin in the breaking of chiral
symmetry. On the one hand a non-vanishing value of the chiral condensate leads to the
spontaneous breaking of chiral symmetry and therefore to the appearance of Goldstone
bosons in the spectrum, which for Nf = 2 correspond to the pions.
On the other hand the chiral anomaly breaks the U(1)A symmetry explicitly which
leads to unexpectedly large mass of the η′ meson. Moreover the large mass of the η′
meson emphasizes the importance of the topology of the gauge fields since it appears
to be responsible of the mechanism described by the Witten-Veneziano formula which
relates the η′ mass to the topological susceptibility in the pure gluon theory.
In this thesis we present a study of the relevant quantities directly related to the
phenomena explained above. We perform a precise and reliable calculation of the chiral
condensate, which, as expected, takes a value of O(Λ3QCD) ≈ 250GeV in the chiral limit.
In addition we study the chiral behavior of the topological susceptibility in the case of
dynamical fermions and we attempt a first test of the Witten-Veneziano formula through
the calculation of the topological susceptibility in the pure gluon theory. As already
stressed, since the involved observables, i.e. the masses, the chiral condensate and the
topological susceptibility belong to the low energy regime of QCD, a non-perturbative
method has to be applied for their computation. To this end, we will employ in this
thesis the lattice formulation of quantum chromodynamics. In the next section, we will
provide an introduction to lattice QCD and explain, how this discretized version of QCD
can be used to address the quantities of interest here.
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2. Lattice regularization
In the previous chapter we discussed the importance of chiral symmetry, a fundamen-
tal property of QCD, and its implications. Chiral symmetry requires a non-perturbative
treatment of QCD. It is for this reason that we need to present lattice QCD, a formu-
lation first introduced in 1974 by K. Wilson [7], which allows to study non-perturbative
phenomena such as the hadron spectrum or chiral symmetry breaking among others.
In this chapter we first introduce the path integral representation in Euclidean space,
which is the basic ingredient of lattice QCD. We also discuss different discretizations of
the action including twisted mass fermions which is the discretization we chose for our
calculations due the advantages that it offers. At the end we address the challenging
implementation of chiral symmetry on the lattice and the progress that have been made
over the years in that area.
The main aim of the present chapter is to briefly introduce the generalities of the field
which are needed to understand the present work. Thus we refer to specialized books and
lectures notes where lattice QCD has been discussed in detail for a deeper understanding
of the topic, e.g. Refs. [20, 21, 22].
2.1. Path integral formalism
The path integral representation of the Green functions is the basis of the non pertur-
bative quantization in lattice field theory. The reason is that going to imaginary time
(t → −iτ) the Green function takes the same form of a correlation function in a sta-
tistical mechanics system defined by a partition function. This enables us to work with
analytical and, more important, numerical techniques of (Euclidean) field theory and
statistical mechanics.
The Euclidean correlators in the path integral formalism are described by the following
expression
⟨O⟩ = 1
Z

DψDψDAµ e−SF[ψ,ψ,Aµ]−SG[Aµ]O[ψ,ψ,Aµ], (2.1)
where Z is the partition function which is given by
Z =

DψDψDAµ e−SF[ψ,ψ,Aµ]−SG[Aµ], (2.2)
and SF and SG are the Euclidean fermionic and gluonic action respectively, which were
already introduced in the previous chapter.
These integrals only have a rigorous meaning if we work with a finite number of de-
grees of freedom. We need to introduce a regularization which includes an ultraviolet
and an infrared cutoff . One possibility is to discretize the continuous space-time. We
thus introduce a 4D Euclidean space-time lattice of extend L, whose spacing between
points we will denote by a, see Fig. 2.1. This regularization provides, by the inverse of
a, an ultraviolet cutoff, whereas a finite extend L serves as an infrared regularization.
The lattice spacing a will act as a regulator of the Feynman integrals and therefore of
QCD. The advantage of this regularization is that it allows us to study quantum systems
through numerical evaluation, a fundamental tool to provide quantitative predictions
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a L
L
x x+ aµˆ
x+ aνˆ
Figure 2.1.: 3-dimensional lattice
without using perturbative expansions. This fundamental feature opens the possibility
to study low energy regimes, where perturbative methods cannot be applied due to the
large value of the coupling constant, and therefore study problems that otherwise are not
available to us like chiral symmetry.
Another crucial aspect to complete the quantization of the system is the discretization
of the action. This task seems no to be too difficult when we treat the gluonic action.
However, to discretize the fermionic action happened to be a more complex problem, as
it will be explained in the following sections.
2.2. Gluons on the lattice
As we have already mentioned we regularize our theory by inserting a 4 dimensional
lattice which will discretize our space-time by replacing our continuum variable xµ with
the discrete coordinate nµ in all the four directions µ. We also need to substitute the
integrals by sums in the following way
d4x→ a4

nµ
. (2.3)
In order to discretize the QCD action there are several restrictions we have to respect.
The most important one is that we must recover the continuum expression of the action
when we take the continuum limit a→ 0.
Another crucial issue that we need to consider are the symmetries that have to be pre-
served. When we discretize the theory by introducing a 4 dimensional Euclidean lattice
there are, obviously, several symmetries that we loose, like Lorentz or rotation invari-
ance. However we do need to preserve the gauge invariance, since physical observables are
gauge invariant and moreover non-gauge invariant objects vanish under the path integral
[23].
Before starting the discretization of the gluonic action, taking into account all the
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Figure 2.2.: Gauge invariant objects on the lattice. a.) corresponds to Eq. (2.10, b.)
corresponds to a closed loop of gauge fields Eq. (2.6) and c.) corresponds to
a plaquette Eq. (2.11)
properties we just mentioned, it is important to introduce one of the basic components
of the theory: the gauge field Uµ(n). This element is crucial to keep the gauge invariance
of the lattice action as it will be explained in the following lines.
We briefly comment on the properties of Uµ(n) and the differences with its continuum
counterpart Aµ. Uµ(n) are elements of the SU(3) gauge group, whereas Aµ is an element
of the algebra of SU(3). Both elements are related by the following expression
Uµ(n) = e
iaAµ(n). (2.4)
The gauge fields Uµ are attached to the link that connect the lattice sites n and n+ µˆ1.
It is for this reason that they are usually called links variables. They transform under
gauge transformations as follows
Uµ(n)→ U ′µ(n) = Ω(n)Uµ(n)Ω(n+ µˆ)†, (2.5)
where Ω(n) denotes an element of the non-Abelian group SU(3) which is unitary, Ω(n)† =
Ω(n)−1, and whose det[Ω(n)]=1. Thus they represent local rotations among color indices.
We can make use of the gauge fields and its properties to construct gauge invariant
objects on the lattice (Fig. 2.2).
An ordered product of link variables which describes a close loop on the lattice and
where the trace has been taken is gauge invariant (see Fig. 2.2.c)
L[U ] = tr
 
(n,µ)∈ loop
Uµ(n)
 . (2.6)
A particular case is the so-called Wilson loop W [U ] which consist on a closed loop
but with a very specific shape. For a pedagogic understanding we illustrate an example
of a non-planar and a planar Wilson loop in Fig. 2.3.a. and Fig. 2.3.b. respectively.
1Note that U−µ(n) = Uµ(n− µˆ)† would connect the same sites as Uµ(n) but in the oposite direction
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Figure 2.3.: Example of a non-planar (a.) and a planar (b.) Wilson loop on a 3 dimen-
sional lattice.
To construct a Wilson loop we first connect the lattice point (m, t) to (n, t) where m
and n are different spatial coordinate of the lattice and t corresponds to the temporal
point which is kept fixed. We then keep the spatial coordinates constant and connect
two different times (n, t) and (n, 0). We apply the inverse of the first step to return
to the original space point (m, 0) but at a different time, and finally close the loop by
connecting back again the time t and 0 keeping the space coordinates m fixed.
This observable is directly related to the quark-antiquark potential and can be used
to determine the, a priori unknown, lattice spacing a through the Sommer parameter r0
[24]. The strategy to set the scale using this method is briefly summarized in App. D.2.2.
We can construct another general gauge invariant object if we introduced the spinors,
which represent the fermionic degrees of freedom, and that are now only defined at the
lattice points
ψ(x)→ ψ(n), ψ(x)→ ψ(n), (2.7)
and under gauge transformations behaves as follows
ψ(n)→ ψ′(n) = Ω(n)ψ(n), (2.8)
ψ(n)→ ψ′(n) = ψ(n)Ω(n)†. (2.9)
Thus we can take an ordered product of links which this time connects two different
points n,m of the lattice and insert a spinor at the lattice points n,m to recover gauge
invariance. This gauge invariant object takes the following form
ψ(n)
 
(n,µ)∈ path
Uµ(n)
ψ(m). (2.10)
and it is sketched in Fig. 2.2.a.
To discretize the gluonic action we use the shortest non trivial closed loop, called
plaquette defined as
Uµν(n) = Uµ(n)Uν(n+ µˆ)Uµ(n+ νˆ)
†Uν(n)†, (2.11)
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which is illustrated in Fig. 2.2.c.
We can write the discretized gluon action as a sum over all plaquettes where each
plaquette is counted only once, independently from the orientation.
SG[U ] =
2
g2

n∈Λ

µ<ν
Re tr[1− Uµν(n)]. (2.12)
This action is gauge invariant and assumes the continuum form after taking the con-
tinuum limit up to O(a2) effects
SG[U ] =
2
g2

n∈Λ

µ<ν
Re tr[1− Uµν(n)] = a
4
2g2

n∈Λ

µ<ν
tr[Fµν(n)
2] +O(a2). (2.13)
Nevertheless there are improved versions of this discretized gluonic action that cancel
at least some of the O(a2) terms and therefore in practice are more suitable, since they
approach the continuum limit faster. Thus we introduce the following expression
SG[U ] =
β
3

x
b0 
1≤µ<ν
Re tr [1− Uµν(x)] + b1

µ ̸=ν
Re tr

1− U rectµν (x)
 (2.14)
where U rectµν is the rectangular Wilson loop, the bare coupling g is written in terms of
β = 6/g2 and b0, b1 are coefficients that have to be computed to reach the improvement.
In order to recover the continuum expression we need the condition b0 = 1 − 8b1 to
be satisfied. In this way the tree-level Symanzik improved action [25, 26] is given by
setting b1 = − 112 . On the other hand we obtain the Iwasaki improved action [27, 28] by
specifying b1 = −0.331.
2.3. Fermions on the lattice. Doubling problem
Discretizing the gluon action was unproblematic, once it was realized by Wilson that
the parallel transporter is the fundamental object to be used. However discretize the
Euclidean fermionic action, whose continuous expression was given in Eq. (1.5), is more
problematic.
First of all we need to introduce the fermion fields which follow the Fermi statistics
and therefore anti-commute {ψα(x), ψβ(y)} = 0. Thus they are represented by Grassman
variables. Due to the properties of the Grassman variables and to the fact that in the
standard model the fermionic action is always bilinear in quark fields, we can rewrite the
functional integral in the following way if we assume suitable conditions for the Dirac
operator such that the integration can be performed,
D[ψ]D[ψ]e−

d4xψ(x)Dψ(x) = detD, (2.15)
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where D is the Dirac operator. We can integrate out exactly the fermion fields and, in
the end, we just need to compute the determinant of the Dirac operator.
Even though this task is highly not trivial due to the large dimensionality of the matrix
D, it simplifies remarkably the calculation when we evaluate the integral numerically.
The fermion fields can be contracted through the Wick’s theorem which, applied to
the path integral in the case of a free Dirac field, relates the fermionic propagator to the
inverse of the Dirac operator in the following way
D−1αβ (x, y) =

D[ψ]D[ψ]ψα(x)ψβ(y)e
SF [ψ,ψ]
D[ψ]D[ψ]eSF [ψ,ψ]
. (2.16)
The fermion propagator is relevant because is the basic building block of many physical
correlation functions.
If we naively discretize the fermion action as we did in the gluonic case, the transition
from the continuum to the lattice is given by few substitutions. First we define the
discretized version of the partial derivative as follows
∂µψ(x)→ 1
2a
(ψ(n+ µˆ)− ψ(n− µˆ)). (2.17)
However, if after these substitutions we now examine the obtained action we observe
that, whereas the mass term remains gauge invariant, the discretized derivative is not.
As we previously discussed, it is a crucial requirement that the action remains invariant
under local rotations of the color of the quarks, also known as gauge invariance.
Thus we need to insert the gauge field Uµ(n), which were already introduced, in the
derivative to ensure its gauge invariance. It is after this step that we obtain the lattice
symmetric covariant derivative
1
2
(∇µ +∇⋆µ)ψ(n) =
1
2a
(Uµ(n)ψ(n+ µˆ)− Uµ(n− µˆ)†ψ(n− µˆ)), (2.18)
which we insert in the action obtaining the naive discretization of the fermionic action
SF [ψ,ψ, U ] = a
4

x
ψ(x)

µ
1
2
γµ(∇µ +∇⋆µ) +m0

ψ(x). (2.19)
It is straightforward to show that we recover the continuum action by expanding the
link variables in terms of a
Uµ(n) = 1+ iaAµ(n) +O(a2). (2.20)
This discretized action differs from the continuum action by O(a2) terms and also
respects chiral symmetry in the massless theory. However, when we analyze the poles of
the quark propagator of massless fermions, a crucial problem appears that can not be
ignored.
In the continuum, which is in the end what we are interested in, we find only one
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pole which corresponds to the fermion we want to describe. In contrast, if we analyze
the lattice propagator for a free fermion using the action given in Eq. (2.19), we find 16
poles, 15 of which are the so-called doublers which describe spurious fermions that do
not appear in the continuum theory and therefore have to be removed.
In the next sections we introduce a new type of fermions which is free of doublers but,
on the other had, introduces another problems like the loss of the O(a2) scaling towards
the continuum limit and chiral symmetry. We will discuss different proposals to address
and partly solve these problems and motivate the choice for our calculations.
2.3.1. Wilson Fermions
In order to solve the problem of the doublers, Wilson proposed a new action
SWf = a
4

x
ψ(x)(DW +m0)ψ(x), (2.21)
where DW is the Wilson Dirac operator defined as
DW =
3
µ=0

1
2
(∇µ +∇⋆µ)γµ − ar∇⋆µ∇µ

. (2.22)
which includes an extra term, the so-called Wilson term [29], which contains a second
derivative.
In Eq. (2.22) a represents the lattice spacing and r the Wilson parameter that can
take values between 0 ≤ r ≤ 1. Notice that if we specify r = 0 we recover the naive dis-
cretization of the action. In the following, for all our calculations, we have set r = 1. Our
notation and the symmetries of the Wilson action, among others that will be introduced
in the next sections, are summarized in App. A.1 and App. A.2 respectively.
The action given in Eq. (2.21) is local and the Wilson term vanishes in the continuum
limit, recovering the desired continuum action. However this extra term, apart from
removing the doublers, it also cancels other good features that the naive action had.
It introduces O(a) terms destroying the O(a2) continuum limit scaling that we had
and it breaks explicitly chiral symmetry even for m = 0. This explicit breaking of chiral
symmetry has strong consequences. Among others it induces an additive renormalization
of the quark mass, as we explained in the previous chapter.
These two new aspects which the Wilson action introduces are crucial in lattice QCD.
We reserve special sections for both of them: the recovery of the O(a2) continuum limit
scaling and the implementation of chiral symmetry on the lattice.
2.4. O(a2) continuum limit scaling
When we introduced the Wilson term in the fermion action we solved the problem of the
doublers but we also removed some nice features of our action, such as the O(a2) scaling
to the continuum limit, also known as O(a) improvement.
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To decrease the cut-off effects in order to approach faster the continuum limit is a
highly important issue in lattice QCD, since it is directly related to the accuracy of the
final computation of physical observables in the continuum limit. Therefore a vigorous
effort has been spent into solving this problem by developing O(a) improved actions
which approach the continuum limit in O(a2).
In the following we will discuss three different methods to improve our action in order
to guarantee the O(a2) scaling. Thus we will introduce three different O(a) improved
actions which present different advantages and disadvantages. We will comment on their
features, characteristics and requirements to guarantee O(a2) scaling to finally motivate
our choice.
First of all we describe the Symanzik effective theory which allows us to study the
O(a) terms through the Symanzik expansion. This effective theory is a fundamental tool
in lattice QCD since it offers the information about the approach to the continuum limit
of the different observables.
We then introduce the so-called clover action which consist on the Wilson action with
an additional term which is computed to explicitly cancel the O(a) terms that appear in
the Symanzik expansion.
Immediately after we introduce the twisted mass action which has an automatic O(a2)
scaling due to symmetry properties of the action. This action is based on the Wilson
action and contains an extra twisted mass term. In contrast to the clover action, where
several parameters have to be tuned, the twisted mass action only requires the tuning of
a single parameter to guarantee the O(a2) scaling towards the continuum limit.
Finally, in the next section, we introduce the overlap fermions which respect chiral
symmetry and is O(a) improved. Even though this discretization has all the desirable
properties, its application entails a high computational cost which makes, nowadays,
unaffordable its extensive used, except for very small lattices.
2.4.1. Symanzik Effective Theory
The Symanzik effective theory is one approach to decrease the discretization effects and
it is introduced in order to, in particular, cancel the O(a) effects. The effective theory
takes into consideration the improvement of the action but also the improvement of the
observables which are used to calculate the Euclidean correlation functions; which is
fundamental for a full improvement.
It will become relevant in the following chapters that the Symanzik expansion, as
defined in this section, only holds for on-shell quantities. If our observable is affected by
short distance singularities, extra terms will appear in the Symanzik expansion which
have to be study independently.
However, in this section we want to present an overview of the Symanzik program and
therefore we focus on on-shell quantities for now.
The main goal is to find the form of the O(a) terms that have to be added to the action
and the composite fields to only have O(a2) or higher order terms in the expansion.
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We introduce a local effective theory whose action is
Seff = S0 + aS1 + a
2S2 + . . . , Sk = a
4

x
Lk(x), (2.23)
which describes our lattice theory in good approximation if we are close to the continuum.
In Eq. (2.23) S0 represents the action in the continuum and Sk is defined in terms of a
linear combination of local composite fields of higher dimension 4 + k.
All those terms should have the same quantum numbers and therefore be invariant
under the same symmetries as the original action S0.
Instead of introducing the general expression [30], for clarity we give a specific example
and discuss the Symansik expansion of a 2-point correlation function ⟨O(x)O(y)⟩.
First of all we also need to introduce the effective expansion of the operator O(x)
which, in practice, will generally be a composite field.
Oeff(x) = O0(x) + aO1(x) + a2O2(x) + . . . (2.24)
where Ok are again linear combinations of local fields with the correct dimension and
symmetry properties.
Thus we insert Eq. (2.23) and Eq. (2.24) in the Euclidean path integral that was
introduced in Sec. 2.1
⟨O(x)O(y)⟩ = 1Z

DUDψDψ¯e−S[U,ψ,ψ¯]O[U,ψ, ψ¯;x]O[U,ψ, ψ¯; y] (2.25)
=
1
Z

D[ψ]e−[S0+aS1+O(a
2)][O0(x) + aO1(x) +O(a2)][O0(y) + aO1(y) +O(a2)]
=
1
Z

D[ψ]e−S0e−[aS1+O(a
2)][O0(x) + aO1(x) +O(a2)][O0(y) + aO1(y) +O(a2)]
=
1
Z

D[ψ]e−S0 [1− aS1 −O(a2)][O0(x) + aO1(x) +O(a2)][O0(y) + aO1(y) +O(a2)].
Since we are only interested in the O(a) terms, which are the terms we want to cancel,
we can reduce the expression to
⟨O(x)O(y)⟩ = 1Z

Dψe−S0O0(x)O0(y)− aZ

D[ψ]e−S0S1O0(x)O0(y) (2.26)
+
a
Z

Dψe−S0O1(x)O0(y) + aZ

Dψe−S0O0(x)O1(y) +O(a2).
To simplify the notation we write everything in terms of expectation values
⟨O(x)O(y)⟩ = ⟨O(x)O(y)⟩0 − a

d4z ⟨L1(z)O0(x)O0(y)⟩0 (2.27)
+ a ⟨O1(x)O0(y)⟩0 + a ⟨O0(x)O1(y)⟩0 +O(a2),
where the subscript ⟨⟩0 means continuum expectation value.
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In order to cancel the second term we need to add a new term to the action as we
explain below. To cancel the last two terms we need to improve our operator adding
an improvement coefficient to the definition of the operator. In particular we need to
compute O1 which will be a linear combination of all the possible operators of dimension
k + 1, where k is the dimension of O, and that have the same symmetries as O. The
tuning of all those improvement coefficients drives the calculations more demanding and
therefore other approaches have been developed and are used in practice, which, however,
induce other complications.
Clover Fermions
As we have seen, to reduce discretization effects of our observables we need to improve
our action. In the following lines we briefly present the necessary extra term which has
to be added to the Wilson action to recover the O(a) improvement.
Our starting point is Eq. (2.27), where the first O(a) term contains the action
−a

d4z ⟨L1(z)O0(x)O0(y)⟩0 . (2.28)
In Eq. (2.28) L1 is a linear combination of all possible operators of dimension 5 which
respect the same symmetries as the continuum action. In this case we find 5 different
operators, however we can relate few of them through the field equation (γµDµ+m)ψ =
0. In the end only one extra coefficient in the action is needed to recover the O(a)
improvement, the so-called clover term [31]. The improved action takes then the following
form
Simp = SW + cswa
5

n∈Λ

µ<ν
ψ(x)
i
2
σµνFµν(x)ψ(x) (2.29)
where csw is the so-called Sheikholeslami-Wohlert parameter that, again, has to be tuned
to exactly cancel the term in the Symanzik expansion, and
Fµν = 1
8a2
Uµν(x)− Uνµ(x) + Uν(−µ)(x)− Uµ(−ν)(x) (2.30)
+ U(−µ)(−ν)(x)− U(−ν)(−µ)(x) + U(−ν)µ(x)− U(−µ)ν(x).
This improvement program has been successfully applied in many calculations such as
Ref. [32].
2.4.2. Twisted Mass Wilson Fermions
There is an alternative method to obtain the desired O(a) improvement through the
Symanzik effective program. The argument, in this case, is based on the symmetries of
the action. Thus, one can avoid the tuning of the large number of parameter which is
required, for instance, in the case of clover fermions described above.
In this section we discuss the twisted mass formulation of lattice QCD2 which was first
2See Refs.[33, 34] for recent reviews.
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introduced in Refs. [35, 36, 37]. This formulation was originally developed in order to
avoid the instability in the simulations given by non-physical zero modes [35]. However,
as mentioned above, other features like the automatic O(a) improvement [38] make this
discretization a desirable choice for the simulations of lattice QCD.
The continuum twisted mass action is based on standard Yang-Mills action with an
additional term, the twisted mass tem. The twisted mass action is given by the following
expression
SF [χ, χ, U ] =

d4xχ(x)(γµDµ +mq + iµqγ5τ
3)χ(x), (2.31)
where mq represents the bare Wilson quark mass and µq the twisted mass respectively. It
is important to notice that τ3 acts in flavor space and therefore the quarks are combined
in spinor doublets χ, χ.
After the introduction of the twisted mass action in the continuum we will discuss
several properties which make of this action a valuable choice, and the reason it was
chosen to carry out all the calculations that will be presented in this work.
In the present section we first motivate the automatic O(a) improvement. We then
discuss the tuning to maximal twist, a requirement needed to ensure O(a2) scaling. At
the end we present some technical details of its implementation which we find relevant
to include.
Automatic O(a) improvement
To give the motivation of automatic O(a) improvement [38] with twisted mass fermions
we use the following simplified notation of the Symanzik expansion
⟨Olatt⟩ = ⟨O0⟩0 − a ⟨S1O0⟩0 + a ⟨O1⟩0 +O(a2), (2.32)
where the effective action is S = S0 + aS1 +O(a2) and the effective combined operator
is defined as Olatt = O0 + aO1 +O(a2), as it was introduced in the previous section.
We will make use of the R1,25 symmetry, which is defined as
R1,25 :

χ(x)→ iγ5τ1,2χ(x)
χ(x)→ χ(x)iγ5τ1,2 . (2.33)
In particular the Wilson term is not invariant under R1,25 and therefore to ensure the
invariance of the twisted mass action under these transformations, it is needed to set the
Wilson quark mass to zero. This is known as tuning to maximal twist, for reasons that
will become clear later, and it is an essential requirement which has to be satisfied in
order to guarantee the automatic O(a) improvement.
In addition the twisted mass lattice action is invariant under the combined symmetry
R1,25 × D × [µq → −µq], where the symmetry D basically counts the dimension of the
operators, i.e. if an operator has an even/odd dimension, it will be even/odd under the
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following transformation
D :

U(x, µ)→ U †(−x− aµˆ, µ)
χ(x)→ e3iπ/2χ(−x)
χ(x)→ χ(−x)e3iπ/2
. (2.34)
If our continuum action S0, as it is our case, and the observable O0 under study are
invariant under R1,25 transformations, it can be proven that the terms in the Symanzik
expansion which are of O(a) will vanish, ensuring O(a) improvement.
The reason is that, as we show below, all the operators O1 which have a dimension
higher than O0, and therefore correspond to O(a) terms in the Symanzik expansion, have
the opposite R1,25 parity. In other words
O0 R
1,2
5−−−→ ±O0 −→ O1 R
1,2
5−−−→ ∓O1. (2.35)
The action given in Eq. (2.31) is invariant under R1,25 symmetry if the Wilson quark
mass mq is tuned to zero. We call this condition maximal twist and it is a requirement
that has to be satisfied to guarantee automatic O(a) improvement.
After the introduction of all the necessary symmetries we can now analyze every term
that appears in Eq. (2.32) to prove Eq. (2.35) and its direct consequence: automatic
O(a) improvement.
Assuming that Olatt is even under R1,25 and has an even dimension, its expectation
value ⟨Olatt⟩ will be even under R1,25 ×D× [µq → −µq]. This implies that all the terms in
the Symanzik expansion (r.h.s of Eq. (2.32)) will also be even under this transformation.
We now analyze term by term the right hand side of Eq. (2.32). The continuum value
of O0 is also even under R1,25 and has an even dimension, therefore it will be even under
the combine trasformation as well. In contrast, the operator O1 has an odd dimension
and therefore it has to be odd underR1,25 to preserve theR1,25 ×D×[µq → −µq] symmetry.
Since the continuum action is even under R1,25 the expectation value of this term will
vanish. The same reasoning can be applied to all the terms of the expansion with an odd
power of a.
We can then conclude that for all operators which are even underR1,25 , only the leading
term and the terms with an even power of a will contribute to the Symanzik expansion,
whereas the terms with odd power will be equal to zero, guaranteeing the O(a2) scaling
to the continuum limit
⟨Oevenlatt ⟩ = ⟨O0⟩0 +O(a2). (2.36)
Moreover it can be proven, following the same strategy, that the expectation value of
observables which are odd under R1,25 vanish up to O(a) effects. Thus only the terms
with contributions of a to an odd power survive in the Symanzik expansion
Ooddlatt

= −a ⟨S1O0⟩+ a ⟨O1⟩0 +O(a2) (2.37)
Furthermore we know that in the chiral limit Wilson fermions and twisted mass Wilson
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fermions are equivalent. Another relevant result that can be obtained by following the
same strategy is that massless Wilson fermions are also automatically improved [38, 33].
Maximal twist
The continuum action given in Eq. (2.31) is related to the Euclidean fermion action
Eq. (1.5) by just applying the non-anomalous axial transformation to the fermion fields
ψ(x) = ei
ω
2
γ5τ3χ(x), ψ(x) = χ(x)ei
ω
2
γ5τ3 , (2.38)
where ω is the so-called twisted angle.
At the classical level both actions are equivalent and therefore share the same sym-
metries. The twisted mass action is just an alternative formulation of QCD since if we
substitute
mq → m′q = mq cosω + µ sinω, (2.39)
µ→ µ′ = −mq sinω + µ cosω (2.40)
the action is left unchanged. Furthermore we can see that tuning ω = π2 would correspond
to set mq = 0. This particular set up is what we call maximal twist and leads to the
automatic O(a) improvement.
We differentiate between the twisted and the physical basis depending on which spinor
fields we are working with, the doublet χ or ψ respectively.
In the lattice twisted mass formulation the Wilson term breaks chiral symmetry ex-
plicitly at finite lattice spacing, even at m0 = 0. For this reason, as we explained in the
first chapter of this work, the mass becomes additively renormalizable
mq = m0 −mcr. (2.41)
This makes that tuning m0 = 0 does not correspond to send the renormalized quark
mass to zero.
In practice, to tune to maximal twist the partially conserved axial current (PCAC)
relation is used [39],
mpcac =

∂µA
a
µ(x⃗, t)P
a(0)

⟨P a(x⃗, t)P a(0)⟩ , (2.42)
a result which is obtained through the non-anomalous axial singlet Ward-Takahashi iden-
tity3.
The chosen parameter to tune to maximal twist ismpcac due to its symmetry properties,
since it is an odd quantity underR1,25 transformations. This implies that ifmpcac vanishes
all R1,25 even operators are free of O(a) effects [38].
Consequently tuning mpcac = 0 corresponds to tune m0 to its critical mass mc and
consequently our physical quark mass would be entirely defined by the twisted mass µ
up to O(a) effects.
3Calculation of analogous W-T identities are presented in App. C.2
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This method enables to gain O(a) improvement by tuning only one parameter, κ to
κc (κ critical), which corresponds tune m0 to mc and therefore maximal twist. This
procedure, however, is not unique, since we can define κc in different equivalent ways.
In twisted mass κc depends directly on the value of µq. Thus different values of µ would
correspond to different values of κc. In principle the ideal definition of κc corresponds to
the value at the chiral limit, since it would match κWc which gives exact massless Wilson
fermions, however this approach entail too much computational cost and it is therefore
not affordable.
For this reason another equivalent definitions are used. One option is to compute κc
for the smallest µq and then simulate at that κc for all the masses. Nevertheless if the
simulations include the strange and the charm quarks, the dependency of κc with the
mass increases and it becomes necessary to tune κ for each value of µq. This also allows
to simulate ensembles at a smaller mass in the future.
Technical Details
The discretized Twisted Mass Wilson action that is used for the light degenerate flavor
doublet (u,d) is given by the following expression
Stml [χ, χ, U ] = a
4

x
χ(x)l(DW +m0 + iµlγ5τ
3)χ(x)l, (2.43)
where the Wilson Dirac operatorDW is used to avoid the doubling problem. The subindex
l indicates light.
In order to describe a situation which is closer to the real world we have to add the
strange and the charm quarks to our theory and therefore we need to insert a non-
degenerate doublet of flavors to our action. Thus to simulate the heavy sector the fol-
lowing action is used
Stmh [χ, χ, U ] = a
4

x
χ(x)h(DW +m0 + iµhγ5τ
1 + τ3µδ)χ(x)h, (2.44)
where µh and µδ are related to the strange and charm quark masses by the relations
ms = µh − µδ, mc = µh + µδ. (2.45)
For our calculations we have used gauge configurations generated by the European
Twisted Mass Collaboration withNf = 2 dynamical quarks [40, 41, 42], which correspond
to two degenerate light quarks up and down, and Nf = 2 + 1 + 1 [43, 44, 45] where the
strange and the charm dynamical quarks were included. All the details of the dynamical
simulations that we use in this work are summarized in App. D.1.
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2.5. Chiral Symmetry on the lattice
We have already devoted a full chapter to discuss the characteristics of chiral symmetry
and its consequences and therefore the importance of its implementation on the lattice
to study the related phenomena. However to implement chiral symmetry on the lattice
has been unexpectedly challenging.
The Nielsen-Ninomiya no-go theorem [46] prevent us for having a regularization whose
operator simultaneously satisfies
1. D(p) is analytic and periodic in pµ.
2. D(p)→ pµγµ, a|pµ| << 1.
3. D(p) is invertible everywhere except in p⃗ = 0.
4. {γ5, D} = 0.
This implies that an operator cannot be local (a.), lead to the correct continuum limit
(b.,c.) and preserve chiral symmetry (d.) at the same time.
To overcome this problem a slight modification of chiral symmetry on the lattice is
required, which is introduced by the Ginsparg Wilson relation
Dγ5 +Dγ5 = aDγ5D. (2.46)
This represents a mild but crucial variation with respect to the naive chiral symmetry
that we expected. Notice that in the continuum limit the original expression, which
summarize the essential of chiral symmetry in the continuum, and is given by
Dγ5 +Dγ5 = 0, (2.47)
is recovered.
The Ginsparg-Wilson relation is then the lattice counterpart of Eq. (2.47). This re-
lation was known for a very long time, since its introduction in 1982 [47]. However
this result was forgotten for many years, until in 1998 an exact and usable solution was
proposed [48, 49], the so-called overlap operator which we describe below.
As we mentioned above, Eq. (2.46) recovers the expression Eq. (2.47) after taking
the continuum limit. This means that we recover the standard chiral symmetry in the
continuum.
Moreover it is possible to describe a chiral rotation which leaves the lattice action
invariant, i.e. it does exist an exact but modified chiral symmetry on the lattice [50] and
it is given by the following transformation
ψ → ψ′ = eiθ5γ5(1−a2D)ψ, ψ → ψ′ = ψeiθ5γ5(1−a2D). (2.48)
Where D is a solution of the Ginsparg-Wilson relation. Again we recover the standard
continuum chiral transformation Eq. (1.25) in the limit a→ 0.
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Moreover we can define the following modified projectors
P± =
1± γ5(1− aD)
2
(2.49)
which allow us to write the fermionic lattice action in terms of left-handed and right-
handed fermions. Eq. (2.49) represents the lattice counter-part of the chiral projectors
introduced in Eq. (1.10), whose expression is again recovered in the continuum limit.
Index Theorem in lattice gauge theory
Chiral symmetry on the lattice leads to the question, whether the chiral anomaly is
reproduced in lattice QCD. In principle, as we saw in the first chapter, the anomaly
appears due to the infinite number of variables in the path integral. For this reason the
Jacobian related to the chiral transformations of the fermion measure is ill-defined. Now
in the lattice we regularize our theory in such a way that we work with a finite number
of variables. The question is how to implement chiral symmetry in the lattice and still
recover the anomaly in the continuum.
This is a remarkable feature of the Ginsparg-Wilson relation, since it states exactly
how chiral symmetry is broken in the lattice and therefore how it reproduces the anomaly
at finite lattice spacing and recover the original form in the continuum limit. The reason,
as in the continuum, is that the action remains invariant under the chiral transformations
given in Eq. (2.48) but the measure in the path integral is not, and therefore we again
obtain the anomaly given in Eq. (1.26) in the Jacobian after applying the chiral transfor-
mations. This makes lattice gauge theories, in its Ginsparg-Wilson fermion formulation,
a clear option for a natural formulation of chiral symmetry in contrast with other reg-
ularizations that break chiral symmetry explicitly in the Lagrangian and eliminate the
chiral Jacobian factor.
It was first shown in Ref. [51] that the chiral Jacobian of a lattice formalism that
respects chiral symmetry, i.e. using Ginsparg-Wilson fermions, after applying the chiral
transformations given in Eq. (2.48) to the fermion measure D[ψ]D[ψ], carries the correct
chiral anomaly.
Afterwards another derivation was proposed in Ref. [50]. In addition a continuum limit
of the Jacobian was also computed in Ref. [52] where the continuous form of the chiral
anomaly is recovered.
In the same way that in the last chapter we introduced the index theorem [15] in
relation with the anomaly in the continuum, we can do it in the lattice. In that case, in
principle all sides of the index theorem have problems
Qtop =
1
32π2

d4xϵµνρσtr(FµνFρσ) = n+ − n−, (2.50)
where n+ − n− is the index as we explained in the previous chapter. However when an
operator that fullfils Eq. (2.46) and therefore preserves chiral symmetry is used a natural
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definition of the topological charge appears which is well defined for a given choice of D
Qtop =
1
2
Tr {γ5D} = n− − n+, (2.51)
where n± corresponds to the number of zero modes of D γ5uλ = ±uλ, i.e. which
correspond to the zero modes uλ in both chiralities.
2.5.1. Overlap Fermions
An exact solution of Ginsparg-Wilson relation was proposed by Neuberger in Ref. [48, 49].
This solution, the so-called overlap operator takes the following form
Dov =
1
a

1−A(A†A)−1/2

, A = 1 + s− aDW (2.52)
where DW can be the Wilson operator given in Eq. (2.22), or any other local operator
which is free of doublers, and s is a parameter defined between -1 and 1 which can be
used to improve locality as it can be seen in App. B.
Without entering in details of the implementation of the overlap operator we want to
remark the high computational cost required for its simulation on the lattice. It is for
this reason that, even though it offers all those advantages, it is not extensively used,
since, due to the current status, it only allows the computation at small volumes.
For this reason mixed action setups have been proposed. In particular in Ref. [53, 54]
a mixed action setup is proposed where twisted mass fermions are simulated in the sea
and overlap fermions in the valence.
2.6. Numerical Evaluation of the path integral
As we have already explained at the beginning of this chapter, in order to compute
correlators we need to evaluate the path integral applying methods normally used in
Statistical Mechanics. In this section we summarize few features of the application of
those methods which we consider relevant for the understanding of this work. However
the numerical evaluation using Monte Carlo methods is a very extended topic and we
recommend specialized texts for a more detailed description, e.g, Refs. [21, 20].
2.6.1. Pure gauge simulations
We start our discussion with the simulation of pure SU(3) gauge theory. As we explained
in previous sections, the fermions in the lattice are represented by Grassman variables
and therefore can be integrated out in form of a fermionic determinant.
The quenched approximation consists in ignoring the fermion contribution by setting
the fermionic determinant, introduced in Eq. (2.15), to a constant. This corresponds to
removing the vacuum polarization effects of the quark loops.
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In this approximation the path integral is only over the gauge fields and takes the
following form
⟨O⟩ = 1
Z

D[U ]e−SG[U ]O, Z =

D[U ]e−SG[U ]. (2.53)
To solve this integral we can not apply analytical methods due to its difficulty and,
except for very small lattices, its high dimensionality. Therefore we need an approxi-
mative method. In particular we use Monte Carlo simulations to generate gauge field
configurations Un that sample the Boltzman factor. This method is called importance
sampling.
Once we have generated the gauge field configurations we evaluate the observable O
in every configuration and then average to obtain the expectation value
⟨O⟩ = 1
N

Un
O(Un) +O

1/
√
N

. (2.54)
There are different methods to generate the configurations, in particular in lattice QCD
the Markov chain process is used. The Metropolis algorithm [55] was the first algorithm
implemented for a quantum field theory on a lattice [56]. Since then, however, a very big
progress has been made on this topic.
2.6.2. Dynamical simulations
The quenched approximation was used for many years as an approximation to full QCD
when the algorithms and machines were not at the stage of facing the calculation of
the fermionic determinant. The physics of both approaches are similar since Quenched
QCD reproduce confinement, asymptotic freedom and spontaneous breaking of the chiral
symmetry.
Nowadays, however, all the machinery is available to simulate full QCD including
the vacuum polarization effects of the quark loops, the so-called dynamical simulations.
This progress is in part due to the Hybrid Monte Carlo algorithm [57] and the substantial
improvement developed4.
In principle we could consider the fermion determinant within our observable but this
produces big fluctuations in the data that are not under control unless excessively large
statistics are available.
For this reason the fermion determinant is included in the Monte Carlo simulation as a
weight factor of the probability distribution of the importance sampling. However, there
can be a problem to use the fermion determinant as a probability factor since in that
case we must be sure that the determinant is real and non negative. This can be shown
for an even number of degenerate flavors since in that case the determinant goes with an
even power ensuring the positivity. Using the γ5 hermiticity property it can be proven
that the determinant is real.
4For a review see Ref. [58]
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For our calculations we have used gauge configurations generated by the European
Twisted Mass Collaboration withNf = 2 dynamical quarks [40][41][42], which correspond
to two degenerate light quarks up and down, and Nf = 2 + 1 + 1 [43][44][45] where the
strange and the charm dynamical quarks were included. All the details of the dynamical
simulations that we use in this work are summarized in App. D.1.
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3. Spectral projectors
The present chapter is devoted to describe the spectral projectors method introduced
by Lüscher and Giusti [59] to compute spectral observables, i.e. physical quantities
which are closely related to the low-lying eigenvalue spectrum of the Dirac-operator. In
the following section we discuss the method itself and point out why it is advantageous
for the calculation of spectral quantities, focusing in particular on the mode numer from
which we can derive the chiral condensate. As another quantity, we will consider the
topological susceptibility. We will provide the details of the implementation and the
tests we performed for the spectral projector method.
The spectrum of the Dirac operator contains very important information which is cru-
cial to understand different phenomena in QCD, such as the spontaneous chiral symmetry
breaking . A direct method to calculate spectral quantities is the explicit computation of
many low-lying eigenvalues of the Dirac-operator. This requires, however, a substantial
amount of computational time which renders it difficult to access spectral observables
and therefore the important information that they can provide.
The method using spectral projectors [59] was designed to compute such spectral ob-
servables in a cost-effective way. Moreover, and maybe even more important, it allows
us to define different spectral quantities in a theoretically clean way, such as the chiral
condensate and the topological susceptibility. The spectral projector method opens the
door to large volume and small lattice spacing calculations as a result of the low com-
putational cost of its application. In addition, the method provides a conceptually clean
tool to renormalize spectral observables and thus a well defined continuum limit can be
carried out in an affordable way.
This chapter is organized as follows. We devote the first section to the introduction of
the mode number ν, the most natural target of the method. We then continue to discuss
quantities that can be derived from the mode number, such as the chiral condensate.
After this introduction we present the basic principles of the method, the technical details
and the implementation. Finally we show the different tests that we performed to ensure
the correctness of our implementation and discuss the choice of the optimal values for
different parameters as need by the spectral projector method.
3.1. Spectral density and mode number
The mechanism responsible for the spontaneous chiral symmetry breaking in QCD is
still not well understood. There are, however, arguments which establish that it is
directly related to the low lying spectrum of the Dirac operator [60]. Thus spectral
observables, which are related to the low-lying eigenvalue spectrum, can play a paramount
role to understand spontaneous chiral symmetry breaking and to provide quantitative
information on e.g. the value of the chiral condensate.
If we consider the Dirac operator D on a lattice, most of the operators that are used
in practice, including Wilson and twisted mass Wilson, do not obey the continuum anti-
hermiticity property, since the Wilson term breaks this symmetry explicitly. The lattice
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Dirac operators retain, however, the γ5 hermiticity which is defined as
γ5Dγ5 = D
†. (3.1)
As a consequence of this property the eigenvalues of such operators are either real or
complex pair conjugates. The eigenvalues of the Wilson Dirac operator then lie in the
complex plane as is sketched in the following graph.
Im λ
Re λm
Notice that the eigenvalues of the twisted mass Wilson Dirac operator differ from this
picture just by a shift on the imaginary axis which is given by the twisted mass.
In practice, it is more convenient to study the spectral properties of the hermitian
Dirac operator, either γ5D or D†D, whose eigenvalues are real. It is for this reason that
in the following we refer to the hermitian Dirac operator only. Since we will be using
configurations that are produced with the Wilson twisted mass action, our discussion
is, in particular, focused on the twisted mass Wilson theory at maximal twist where an
automatic O(a)-improvement can be obtained.
The spectral density ρ(λ, µ) of the hermitian twisted mass Dirac operator D†tmDtm is
defined as
ρ(Λ) =
1
V
∞
k=1
⟨δ(λ− λk)⟩ . (3.2)
As it is shown in Fig. 3.1, in the twisted mass case, the spectral density has a clear
infrared cut-off at µ2 provided by the twisted mass term. From the point of view of nu-
merical simulations, this is a relevant feature of the twisted mass theory since it prevents
instabilities in the simulations related to the appearance of very small eigenvalues. In
the continuum theory, or in a theory which respects chiral symmetry, a similar picture is
observed, since there the quark mass provides an infrared bound on the spectrum.
One can derive analytical results for the distributions of the smallest eigenvalues of the
Dirac operator for fixed sectors of topological charge using random matrix theory [61].
The distribution of the accumulated spectral density at the low end of the spectrum, as
plotted in Fig. 3.1, can be also described by random matrix theory for Wilson [62, 63]
and for twisted mass [64] fermions. Although in this work we will not make use of
these analytical results, it is worth mentioning that the eigenvalue distributions and a
comparison to random matrix theory can provide in principle a valuable tool to extract
information on fundamental parameters of QCD such as the chiral condensate.
In the following we are interested in a quantity which is closely related to the eigen-
values of the Dirac operator, the mode number ν. The mode number is the integrated
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β = 1.95, µ = 42 MeV
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Figure 3.1.: Density of eigenvalues of γ5Dtm forNf = 2+1+1, β = 1.95 and aµ = 0.0085.
spectral density and we define it as the average number of eigenvalues of the hermitian
Dirac operator D†D below a certain value of a threshold parameter which, in the follow-
ing, we will call M . The mode number is directly related to the spectral density through
the following expression
ν(M,m) = V
 Λ
−Λ
dλρ(λ,m) = 2V
 Λ
0
dλρ(λ,m), (3.3)
where Λ is related to the threshold parameter and the quark mass in the following way
Λ =
√
M2 −m2. The mode number carries the same information as the spectral density.
Consequently studying the properties of ν we can extract information of ρ(λ,m). As
we will see below the mode number can be computed very efficiently through a lattice
calculation employing the method of spectral projectors.
The threshold parameter M will be an input parameter of our analysis. How rapidly
the mode number increases when we increaseM or vice versa, depends on several factors,
such as the volume, the lattice spacing and the magnitude of M itself. The value of the
chiral condensate depends directly on this relation between the mode number and M .
Therefore a study of these dependencies is needed and we devote the next subsection to
present such an investigation.
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Figure 3.2.: Mode number ν with respect to the threshold parameter MR for β = 1.95,
L = 32 and µ = 42 MeV. The inner plot is a zoom close to the origin,
where the linear region is clearly observed. This plot corresponds to a direct
computation of the first 150 eigenvalues of D†tmDtm.
3.1.1. Qualitative behavior of the mode number
Chiral perturbation theory (χPT) is an effective theory that describes the low energy
dynamics of QCD [65, 66, 67]. It is based on the symmetries and fundamental principles
of QCD. In particular, chiral symmetry plays a central role in this effective theory. χPT
is a systematic expansion at low energies and is parametrized by so-called low-energy
constants among which one can find the chiral condensate and the pion decay constant.
χPT is a very useful tool to describe the low energy behavior of QCD and is often
used to determine the pion mass dependence of physical quantities obtained from lattice
calculations.
χPT also describes the behavior of the spectral density predicting that it behaves
constant as a function ofM for a given range ofM [68, 69, 70]. This constant behavior of
the spectral density corresponds to a linear behavior of the mode number, the integrated
spectral density. In Fig. 3.2 the behavior of ν for a large range of M is shown. There
one can clearly see the region where the linear behavior is found. On the other hand,
at fairly large and very low values of M the linear regime disappears. In this work, we
have to perform our calculations in the range of linear behavior. Consequently one of
our main goals is to localize this region which in general appears between 50 MeV and
120 MeV, although this depends on the quark mass, the volume and the lattice spacing
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of the ensembles analyzed.
If we carefully focus on the very low end of the spectrum, i.e. the lowest eigenvalues,
we can observe some interesting features. One can clearly see that the spectrum rapidly
goes to zero when the quark mass is approached. This is, in fact, an obvious feature of
the twisted mass theory, since the twisted mass parameter provides an infrared cut-off. In
the Wilson theory, however, this is not the case. It can also be seen that the slope of the
curve close to µ is higher than for slightly larger values ofM . This corresponds to a higher
density of eigenvalues close to the threshold µ. In Fig. 3.1, where the spectral density
for twisted mass fermions is plotted, we can clearly see both phenomena reproduced in
the spectral density.
3.1.2. Mode number, spectral sums, and density chains
This section is devoted to the study of some important properties of the mode number
such as the renormalizability. In order to demonstrate some of these properties we will
establish the relation of the mode number with other observables whose properties are
well known, such as the spectral sums or the density chains. As a next step, we first
show the relation between ν and the spectral sums.
The spectral sums are defined through the following expression [59]
σk(µ,m) =

Tr{(D†mDm + µ2)−k}

=

λ
1
(λ2 +m2v)
k
, (3.4)
where in the second equality the spectral decomposition has been applied.
The relation between σk and ν is given by
σk(µ,mq) =
 ∞
0
dM ν(M,mq)
2kM
(M2 + µ2)k+1
. (3.5)
Even if this does not seem to be straightforward, it is not difficult to connect the right
hand side of Eq. (3.5) to the original expression given in Eq. (3.4). We show the connec-
tion step by step in App. E.3.
Density chains
It can be very helpful to write the spectral sums, and consequently the mode number, in
terms of correlation functions of local field operators, since the renormalization properties
of these observables are very well known. This will help us to discuss the renormalization
of the spectral sums and the mode number below.
In this framework we work in a partially quenched theory since we need to add 2k
valence flavors to the theory, as shown below. This then leads to the introduction of the
corresponding pseudo-fermions fields that are required to cancel the determinant.
Let us discuss the action for the particular case of Nf = 2 degenerate dynamical
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Figure 3.3.: Density chain of charged pseudoscalar densities corresponding to σ3(µ,m)
quarks, which reads as follows
S = Sg[U ] +
2
i=1
Ssea[ψi, ψi, U ] +
2k
f=1

Sval[ψf , ψf , U ] + Sgh[ϕf , U ]

, (3.6)
where Sg is the gluon action, Ssea is the fermion action of the quarks in the sea sector, Sval
represents the action of the 2k flavors that we have introduced in the valence sector. Sgh
is the action of the corresponding pseudo-fermion fields, the so-called ghosts, which are
added to cancel the determinant of the valence quarks. Notice that the fermions whose
action is given Sval do not have a corresponding dynamical quark. In this equation ψ,ψ
denote doublets of mass degenerate flavors. In fact, in the following we assume that all
the flavors are degenerate in mass to simplify our calculation.
The spectral sum σk can be written in terms of a density chain in the following way
σk(µ,m) = −a4(2k)−4

x1,...,xn−1

P12(x1)P23(x2) . . . P(2k)1(0)

, (3.7)
where the pseudo-scalar and scalar densities are given by Pab(x) = ψa(x)γ5ψb(x) and
Sab(x) = ψa(x)ψb(x) respectively, and ψa, ψa are singlet flavor component.
Since Eq. (3.6) is a general expression of a partially quenched QCD action, we can
there include in the fermionic part either the Wilson action given in Eq. (2.21) or the
twisted mass Wilson action given in Eq. (2.31). We are interested in twisted mass QCD,
therefore we need to rewrite Eq. (3.7), which corresponds to a density chain in the Wilson
theory, for twisted mass QCD.
In particular, for the case of σ3(µ,m) one possible representation is given by
σ3(µ,m) = −a24

x1,...,x5

P+12(x1)P
−
23(x2)P
+
34(x3)P
−
45(x4)P
+
56(x5)P
−
61(0)

(3.8)
where P±ab = ψaγ5τ
±ψb are charged pseudoscalar densities and τ± are defined in flavor
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space1. ψa = (ua, da) are isospin doublets of twisted mass valence fermions whose action
is given by Eq. (2.31) as we explained above. The index a = 1, . . . , 2k indicates the
flavor; in this particular example we add 6 flavors to the theory, which is the minimun
number of flavors that still guarantees the renormalizability, as will be explained below.
Eq. (3.8) represents a chain (in flavor space) of interconnected pseudoscalar densities,
as represented in Fig. 3.3.
Through the Wick theorem it can be straightforwardly proven that Eq. (3.4) and
Eq. (3.8) are equivalent. Let us write σ3(µ,m) with its flavor content and the Wick’s
contractions explicitly.
σ3(µ,m) = −a24

x1,...,x5
(3.9)
u1(x1)γ5d2(x1)d2(x2)γ5u3(x2)u3(x3)γ5d4(x3)d4(x4)γ5u5(x4)u5(x5)γ5d6(x5)d6(0)γ5u1(0)

If we now write everything in terms of propagators,
σ3(µ,m) =

Tr

Su1 (x1, 0)γ5S
d
2(x1, x2)γ5S
u
3 (x2, x3)γ5S
d
4(x3, x4)γ5S
u
5 (x4, x5)S
d
6(x5, 0)

=

Tr

Su1 (x1, 0)(S
u
2 (x2, x1))
†Su3 (x2, x3)(S
u
4 (x4, x3))
†Su5 (x4, x5)(S
u
6 (0, x5))
†

=

Tr{(Dm†Dm + µ2)−3}

, (3.10)
we recover the original expression given in Eq. (3.4) for a specific value of k = 3.
In order to obtain the last expression of Eq. (3.10), in the second step we have applied
the γ5 hermiticity property for twisted mass2
γ5S
d
2(x1, x2)γ5 = S
u
2 (x2, x1)
†, (3.11)
and in the last step we introduced the definition of the propagator as the inverse of the
Dirac operator already introduced in the last chapter together with
D†tmDtm = (D
†
m1f − iµγ5τ3)(Dm1f + iµγ5τ3) = (D†mDm + µ2)1f . (3.12)
Note that this trivial relation tells us that the eigenvalues of the hermitian twisted mass
Dirac are just the eigenvalues of the hermitian Wilson Dirac operator shifted by µ2.
3.1.3. Renormalization
One of the main goals of simulations in lattice QCD is to compare the obtained results
with experiments and phenomenology. In order to compare results one needs to first
guarantee that the observables which are being computed on the lattice have a well
defined continuum limit, meaning that they are renormalizable. One essential task is
1More details are described in App. A.1
2More details can be found in App. A.2
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then to compute the renormalization factors for the bare quantities extracted from the
lattice3. The renormalization constants of different local field operators can be computed
using perturbative and non-perturbative approaches on the lattice. One example of a
non-perturbative method is the RI-MOM scheme [73], which is extensively used. Since
one is mostly interested in comparing the lattice calculations with the phenomenological
results, in general the renormalization factors are translated to the MS scheme at 2 GeV,
one of the most common schemes and scales used.
In Ref. [59], through its relation to the spectral sums, it was proved that the mode
number is a renormalization group invariant. It was also shown that the spectral sums
defined as density chains are renormalizable and have a well defined continuum limit for
adequate values of k in σk [74].
In this section we reproduce the proof of the renormalization invariance of the mode
number and motivate the renormalizability of the density chains for k ≥ 3.
Renormalization of the mode number
We have seen that the spectral sums can be written as density chains which only depend
on pseudo-scalar densities. These local fields renormalize as
P aR(x) = ZPP
a(x), (3.13)
therefore to renormalize the spectral sums it should be sufficient to renormalize each
density of the chain independently in the following way
σR(µR,mR) = Z
2k
P σ(µ,m). (3.14)
It can also be proven that the product of mpcac times the pseudoscalar density is finite
when removing the cut-off and therefore renormalization group invariant 4. This implies
that the partially conserved axial current (PCAC) quark mass renormalizes as
mR =
1
ZP
m = Zmm. (3.15)
In the case of twisted mass, the partially conserved vector current (PCVC) relation is
exact and this implies that the product of µ and the pseudoscalar density is renormal-
ization group invariant4 and therefore
µR =
1
ZP
µ = Zµµ. (3.16)
Based on that statement it can be proven that the mode number is a renormalization
group invariant if M renormalizes as a mass term
MR = ZµM. (3.17)
3For a review on the topic we refer to, e.g., Refs. [71, 72]
4We refer to any specific text for this proof, e.g. [72]
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Thus if we renormalize all the elements of Eq. (3.5) we are describing the renormalized
spectral sum
σR(µR,mR) =
 ∞
0
dMRνR(MR,mR)
2kMR
(M2R + µ
2
R)
k+1
= (3.18)
=
 ∞
0
ZµdM νR(MR,mR)
2kZµM
((ZµM)2 + (Zµµ)2)k+1
=
=
1
Z2kµ
 ∞
0
dM νR(MR,mR)
2kM
(M2 + µ2)k+1
=
1
Z2kµ
 ∞
0
dM ν(M,m)
2kM
(M2 + µ2)k+1
= Z2kP σ(µ,m).
As expected this leads to Eq. (3.14), proving that the mode number is a renormalization
group invariant, as shown in Ref. [59].
Renormalization of density chains
If we study the expression given in Eq. (3.8) one can see that the sum over all space in-
cludes short-distance singularities, which arise when the coordinates xi are scaled to the
same point. Short-distance singularities can have strong consequences for the renormal-
izability and the improvement of observables since they give rise to (power) divergences
that must be considered.
In this section we discuss the renormalizability of the density chains given in Eq. (3.8).
In order to simplify the argument, and to have a clear understanding of how divergences
occur, we start with the simplest example which corresponds to two densities and through
a heuristic argument explain the origin of the singularities. Only then we extend the
discussion to more complex density chains although without going into detail.
For completeness, we first introduce the basic ingredients of how we assign the dimen-
sion to a local operator, since we illustrate below the calculation through a dimensional
analysis. The basic argument is that the free action has dimension 0 and therefore the
Lagrangian density has dimension 4 since we assign a dimension 1 to any derivative of
space-time and mass parameter. In addition a free field of spin 0 has dimension 1 and a
fermion field of spin 1/2 has dimension 3/2.
To study the short distance behavior of a product of composite operators which are
placed at the same point we need to apply the operator product expansion (OPE), a
method that will be introduced below.
A product of operators O1(x)O2(0) is related to a single local operator when the
product is affected by short distance divergences close to 0. This correspondence can be
established because the local divergence, which the product potentially contains, can be
described by a local operator located at zero. The only requirement for the local operator
is to have the same global symmetries as the product of O1O2.
Following this idea Wilson proposed an expansion of the product of two operators
given by a linear combination of local operators of equal or lower dimension but having
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the same quantum numbers as the product.
O1(x)O2(0) ∼

i
Ci(x)Oi(0) (3.19)
where the so-called Wilson coefficients Ci(x) are c-numbers and carry all the dependence
on x. This is independent of additional field operators appearing in Green functions.
After this more general discussion we now apply the OPE to the observables we are
interested in. In particular, we start with the product of two pseudo-scalar densities with
non-trivial flavor structure, which are given by
Pab(x) = ψa(x)τ
+γ5ψb(x) (3.20)
where ψa is a fermion doublet. The local operator of lowest dimension that mixes with
the product is the scalar density
Pab(x)Pbc(0) ∼ C(x)Sac(0) + . . . . (3.21)
In Eq. (3.21), the Wilson coefficient behaves as C(x) ∼ 1|x|3 , since the operator Sac(0)
is dimension 3 and the product Pab(x)Pbc(0) is dimension 6.
For the sake of a better understanding we now apply an argument based on dimensional
reasons, called power counting, to explain the origin of the divergence in the spectral
sums. If we integrate Eq. (3.21) a
0
d4xPab(x)Pbc(0) ∼
 a
0
d4x
1
x3
Sac(0)+· · · = Sac(0)
 a
0
d4x
1
x3
+· · · ∼ a Sac(0)+O(a2),
(3.22)
the divergence that emerges in this case is integrable.
However if we consider a closed chain in flavor space then the product of density chains
does mix with the identity in the following way
Pab(x)Pba(0) ∼ C1(x)1+ C2(x)Sab(0) + . . . (3.23)
where C1(x) diverges like 1|x|6 . We consider only the operator with the lowest dimension
because it corresponds to the leading divergence. a
0
d4xPab(x)Pba(0) ∼
 a
0
d4x
1
x6
1+ · · · = 1
 a
0
d4x
1
x6
+ · · · ∼ 1
a
1+O(a). (3.24)
This product of densities with trivial flavor structure, which corresponds to the spectral
sum σ1(µ,m), is not integrable, moreover it is power divergent.
Furthermore if we have a product of four pseudo-scalar densities
d4x1d
4x2d
4x3 Pab(x1)Pbc(x2)Pcd(x3)Pda(0) (3.25)
which corresponds to the spectral sum σk for k = 2, we observe a similar problem. If we
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again scale all the pseudo-scalar densities to zero, the operator with the lowest dimension
which mixes with the product is the identity operator in flavor space and therefore, in
this particular case, we have a 12 dimensional integral and a divergence of dimension 12,
giving a logarithmically divergent quantity.
As mentioned in Ref. [74], however, the degree of the divergence goes like 4− 2k, and
therefore when we have k ≥ 3 the short distance singularities do not lead to a divergence
any longer, since they are all integrable, including the case where all coordinates are
scaled to zero and therefore a mixture with the identity operator occurs. The reason is
that, for the case k = 3, the dimension of the integral is 20 whereas the divergence is
only 18 and therefore is integrable. Thus for k ≥ 3 we are guarantied that the spectral
sums have a finite and well defined continuum limit.
3.2. Spectral Projectors
As a first and natural example for the application of the spectral projectors method,
we now discuss the mode number ν. In principle one could directly compute ν by
calculating the eigenvalues of the hermitian Dirac operator D†tmDtm and then simply
count them. The problem of this method, however, is that the computational cost of
such a calculation grows with the square or even higher power of the volume V . This
prevents the application to large volumes, as it is required at small lattice spacing and
small quark masses. Nevertheless, a new method –the spectral projectors method– was
recently introduced [59] which reduces the computational effort since it grows only with
the volume V , making the calculation feasible. In this section we explain the basis of the
method and its implementation.
Let us introduce PM as an orthogonal projector to the subspace of fermion fields
extended over the eigenmodes of the hermitian Dirac operatorD†tmDtm whose eigenvalues
are below a certain threshold parameter M2. Then another representation of the mode
number can be found as the expectation value of the trace of such operator
ν(M,µ) = ⟨Tr PM ⟩ . (3.26)
In practice we evaluate Tr PM stochastically. To this end, randomized pseudo-fermion
fields η are introduced satisfying the general properties
ηiη
⋆
j

= δij , ⟨ηi⟩ = 0, (3.27)
where ⟨⟩ corresponds to the stochastic average over the ensemble of noise vectors whose
degrees of freedom are given by spin, color and space-time. In particular we chose to
use Z4 noise which correspond to η = (±1 ± i)/
√
2, where each possibility is equally
distributed, i.e. with a probability 1/4 each.
The stochastic evaluation of a propagator is a method generally used. In this method
the matrix elements i, j of the matrix M−1 can be computed as
ψj =M
−1
i,k ηk, (3.28)
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for each source (i.e. stochastic vector) in a given configuration.
This allows to compute the mode number by averaging over these random vectors in
the following way
Tr PM =
1
N
N
i=1
(ηi,PMηi). (3.29)
Taking the average over gauge configurations we can then compute the expectation
value of ν = ⟨Tr PM ⟩.
Such a projector can be approximated by a rational function of the hermitian Dirac
operator D†tmDtm. Following the suggestion made in Ref. [59] we approximate PM to a
step function given by
h(x) =
1
2

1− x√
x2

. (3.30)
In order to evaluate x√
x2
we need again to make use of an approximation. To this end
we insert a series of Chebyshev polynomials of degree n [75] which are evaluated using
the Clenshaw recursion formula [76]. We also introduce an infrared cut-off parameter
ϵ > 0 which should be smaller than the lowest eigenvalue of D†tmDtm.
The maximal deviation of the approximation of the function xP ϵn(x2) to the sign func-
tion in the indicated range is then given by
δ = max
ϵ≤y≤1
∥1−√yP ϵn(y)∥ . (3.31)
The approximation can be improved by increasing the degree of the polynomial n or
decreasing ϵ. An increase in the degree of the polynomial means that a larger number
of coefficients have to be computed and therefore the computational cost also increases,
since it implies an increase in the number of times D†tmDtm has to be applied. These
two components have to be considered, the cost and the quality of the approximation,
to find the optimal compromise.
Finally the spectral projector takes the form
PM ≈ h(X)4 (3.32)
where the fourth power is added to improve the approximation and the operator X is
given by
X = 1− 2M
2
⋆
D†tmDtm +M2⋆
(3.33)
In this equation Dtm denotes the twisted mass Dirac operator and M⋆ an input pa-
rameter which is related to M . The relation between M⋆ and M is also a parameter
which modifies the quality of the approximation. As suggested in Ref. [59] we choose
M/M⋆ = 0.96334 to ensure that the error in the approximation, given by
∆ =

Tr

PM − h(X)4

, (3.34)
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spect. projβ = 1.95, aµ = 0.0085
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Figure 3.4.: Comparison of the mode number ν as a function of the threshold parameter
M for β = 1.95 and aµ = 0.0085 using spectral projectors (red points) and
a direct computation of eigenvalues of D†tmDtm (blue line). For the sake of
clarity the blue line, which is originally a discrete line, it has been drawn
continuous.
is negligible in comparison with the statistical error 5.
A moment of thought shows us that the method explained above, in fact, describes a
simple procedure. If we consider an eigenvalue α2 larger thanM2⋆ , it will correspond to a
positive value of the operator X, whereas an eigenvalue belowM2⋆ , which will count for the
calculation of the mode number, will give us a negative value. Thereby a negative value
of X will contribute to the trace, whereas a positive value of X has no contribution since
the evaluation of the step function vanishes for such cases. For a better understanding
we sketch this lines of reasonings below
M2
X < 0
X > 0
θ ≈ h(X)
λ2 of D†tmDtm
1
0
5We refer to the original source Ref. [59] for further details.
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In practice, every time that we apply X to the randomly generated η field, we need to
solve the following linear system
(D†tmDtm +M
2
⋆ )ψ = η. (3.35)
The most computationally expensive part of the calculation is to find the solution of
Eq. (3.35) and it requires a very efficient algorithm to be applied. In our case we used
the conjugate gradient (CG) method6.
As it was mentioned in the introduction, there is another way of extracting the mode
number by simply computing the eigenvalues of D†tmDtm and then manually counting
how many modes lie below a certain threshold M2. This method is, of course, very
expensive and therefore can not be used extensively for large volumes since the cost of the
calculation grows with the square or even higher power of the volume. However it offers a
perfect opportunity to test our implementation, since we can directly compare the results
obtained applying both methods: direct calculation and using spectral projectors. In
Fig. 3.4 both results are plotted and one can see that the data show a perfect agreement.
The blue line corresponds to the results of the direct computation of the eigenmodes
of D†tmDtm. There we chose several values ofM and directly counted. Thus the line is in
fact discrete, although we there are so many points that we plotted them as a continuous
line to simplify the figure. The red points correspond to the results obtained using the
spectral projectors method for 4 different values of M .
It is important to notice that the discrete points which build the blue line carry a
statistical error since they are computed as expectation values. In order to make the
figure better readable, the errors are not shown in the plot. In any case, both results are
perfectly compatible providing an important test of the spectral projectors method.
3.3. Test of the implementation
We implemented the above explained method in the framework of the tmLQCD package
[78]. We followed all the suggestions made in the article where the method was originally
introduced [59]. To be concrete, the degree of the Chebyshev polynomial n was set to 32
and we chose ϵ, the parameter that gives the interval around the origin which should be
excluded, to be ϵ = 0.01. However we performed several tests where the value of n was
varied in the range from 32 to 103 and we found that, even though the quality of the
approximation was improved by increasing n, the results did not show any substancial
change.
In Ref. [59] it was mentioned that, regarding the precision of the inversion, “a fairly
loose stopping criterion can be chosen without compromising the correctness of the re-
sult”. To test that statement and to be able to quantify the optimal precision of the
chosen inverter, CG in our case, we performed a test where we computed the relevant
observables which will be presented in this work for a range of relative precision of the CG
inverter between [10−2 − 10−10]. The corresponding observables to Fig. 3.5 and Fig. 3.6
6For details of the CG inverter we refer to any introductory book of numerical analysis, e.g Ref. [77]
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Figure 3.5.: Mode number for different number of stochastic sources and various values
for the relative precision of the CG inverter
are defined as
ν =
1
N
N
k=1
(R2Mηk, R2Mηk). (3.36)
B = 1
N
N
k=1
(RMγ5RMηk, RMγ5RMηk), (3.37)
C = 1
N
N
k=1
(RMηk, γ5RMηk). (3.38)
For the moment we do not enter into the details of the given observables, since they
will become relevant when the chiral condensate and the topological susceptibility are
presented in the following chapters, where these observables will be studied in depth.
Our conclusion was surprising, since even a relative precision of 10−2 seems to give a
correct result. Nevertheless we decided to be conservative and compute all our observ-
ables with a precision of 10−6. In Fig. 3.6 we plot the result of three different observables
for the mentioned range of precision of the inverter. The mode number is studied in
Fig. 3.5.
Another parameter that needs to be tuned is the number of sources, which varies from
one observable to other. In Fig. 3.5 and Fig. 3.6 we analyze the number of stochastic
sources needed for 3 different observables. In Fig. 3.5 the mode number is shown, and we
can conclude that one source is enough to accurately compute ν, although adding another
source will decrease the error considerably. The use of a third source, in this particular
case, does not seem worth, since the error remains almost constant in comparison with
the result obtained using 2 sources. In the case of the observables plotted in Fig. 3.6,
which will be introduced in the following chapters, we can immediately conclude that for
the observable C one source is not enough. We will discuss more deeply the necessary
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Figure 3.6.: Observables B and C, used to compute χrmtop and ZP /ZC , for different
number of stochastic sources and various values for the relative precision of
the CG inverter
number of sources for those observables in their corresponding chapter.
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4. Computation of chiral condensate
Chiral symmetry and, in particular, its spontaneous breaking is a fundamental prop-
erty of QCD with relevant phenomenological implications such as the low mass of the
pions among others. The chiral condensate is an order parameter of spontaneous chiral
symmetry breaking. For that reason it becomes an important quantity to compute and
moreover its study can guide us to a better understanding of the mechanism behind the
spontaneous breaking of chiral symmetry in QCD.
The present chapter is devoted to the computation of the chiral condensate using
spectral projectors including a comprehensive discussion of systematic effects. Before
presenting the details and results of the calculation, we prove that the short distance
singularities of the spectral densities involved in the definition of the mode number do not
spoil the O(a) improvement, otherwise guaranteed of maximally twisted mass fermions.
We then explain the application of the spectral projectors method to compute the chiral
condensate and how we treat the statistical and systematic errors to give a reliable
estimation of the final uncertainty. In Sec. 4.4 we study the finite volume effects to
ensure that all our result are compatible with infinite volume. In Sec. 4.5 and Sec. 4.6
we reliably perform a chiral and continuum extrapolation of the data to obtain our final
result of the chiral condensate for Nf = 2 and Nf = 2 + 1 + 1 flavors of maximally
twisted mass dynamical fermions which are then compared with other results found in
the literature finding a very good agreement.
4.1. Chiral condensate in chiral perturbation theory
The Banks-Casher relation [60] links the spontaneous chiral symmetry breaking with the
low lying spectrum of the Dirac operator. Thus it directly relates the chiral condensate
Σ with the spectral density ρ in the following way
lim
λ→0
lim
m→0
lim
V→∞
ρ(λ,m) =
Σ
π
. (4.1)
It is important to notice that in Eq. (4.1) the limits are not interchangeable. We
first need to go to the infinite volume limit to allow the spontaneous breaking to occur,
then we need to remove the quark mass which is responsible for the explicit breaking
of chiral symmetry, and finally we are interested in the low lying part of the spectrum,
which contains the information about the chiral symmetry breaking mechanism we are
interested in.
Simulations in lattice QCD entail a high computational cost, in particular, the value of
the quark mass used is a factor that substantially increases the cost of the Monte Carlo
simulation when the physical pion mass is approached. For this reason most simulations
are carried out at larger pion masses and it is necessary to extrapolate to the physical
pion mass to compute physical observables such as, e.g. decay constants. Nevertheless,
simulations at the physical quark mass are currently being carried out, which implies
a milestone for lattice QCD simulations. In this work, however, we will make use of
gluon configurations that are simulated at larger than physical pion masses, hence the
mentioned chiral extrapolation is needed.
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In order to perform such an extrapolation, either to the physical mass or to the chiral
limit, we rely on chiral perturbation theory, which predicts the behavior at low quark
masses. This section is dedicated to present the relevant formulas of χPT for the chiral
condensate that we apply in our study.
In infinite volume, a mass dependent effective chiral condensate can be defined at next
to leading order [59], which at leading order coincides with the Banks-Casher relation
and therefore with Σ in the chiral limit
Σeff
Σ
|V=∞ = 1− mΣ
16π2F 4

3 ln
ΛΣ
µ¯2F 2
− 3¯6 − 1 + ln 2 + ln

1 +
m2
Λ

(4.2)
+
m
Λ
arctan
Λ
m
+
Λ
m
arctan
m
Λ

+ . . .
In Eq. (4.2) the low energy constants F and l6 are the pion decay constant in the chiral
limit and a low energy effective renormalized coupling at scale µ¯ respectively 1.
This expression shows the deviation of the effective mass-dependent chiral condensate
with respect to Σ in the chiral limit. There we can see a direct dependence on the
spectrum of D†D through Λ =
√
M2 −m2 and the quark mass m.
For low values of the quark mass m, the next-to-leading order corrections in Eq. (4.2)
tend to be very small for any value of Λ or M . Moreover, in the chiral limit, those terms
vanish.
Following the strategy in Ref. [59], we have computed the deviations of the ratio Σeff/Σ
for different values of M at the range of the quark masses relevant for the calculations
presented in this work. Fig. 4.1 shows that the corrections are very small for low masses
at various representative values of M . For all the calculations in this work a fixed value
of M for each β was chosen around 90 MeV, where the corrections are almost negligible.
Recently a preliminary extended study has been presented [79] were it was observed
that the NNLO effects seem to be larger than firstly expected. Following their strategy
we repeated the test of the NNLO effects for our case, see App. E.2. However, we could
not see any effects of the NNLO corrections. This situation needs to be clarified in the
future but it goes beyond the scope of this thesis.
4.2. Short distance singularities and O(a2) scaling
The study of different observables behavior when the continuum limit is approached is
a fundamental issue in lattice QCD. Here, over the years, significant progress has been
made. Nowadays all groups world-wide employ a lattice action for their computations
which guarantees that the continuum limit is approached at a rate O(a2). We speak
of the usage of O(a) improved actions. One additional difficulty in achieving an O(a)
improvement can appear in quantities which are affected by short distance singularities,
as it is the case for the density chain used here to compute the chiral condensate.
1See Ref. [59] for more details.
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Figure 4.1.: Chiral behavior of the ratio Σeff/Σ described by Eq. (4.2) which corresponds
to a NLO formula in χPT. In this plot the values chosen for the low energy
constant which are Σ1/3 = 250 MeV, l¯6 = 3, F = 90 MeV and the scale
µ¯ = 140 MeV respectively.
The short distance singularities give rise to contact terms in the Symanzik expansion
which, as commented above, can spoil the O(a) improvement. The purpose of this section
is to show that, in the case of the density chain given by Eq. (3.8), those terms are of
O(amq) and therefore vanish when twisted mass fermions at maximal twist are used.
First of all we need to prove that our observable is R15 parity even, a required property
for automatic O(a) improvement as it was previously explained. Thus we apply the
transformation given in Eq. (2.33) to Eq. (3.8) and we recover the original expression
σ′3(µ,m) = −a24

x1,...,x5

P−12(x1)P
+
23(x2)P
−
34(x3)P
+
45(x4)P
−
56(x5)P
+
61(0)

. (4.3)
The R15 transformation merely interchanges the charges of the pseudo-scalar densities.
Since we have a closed chain with an equal number of positively and negatively charged
densities, we can conclude that both observables, given by Eq. (3.8) and Eq. (4.3) re-
spectively, are equivalent and therefore Eq. (3.8) is invariant under R15 transformations.
The reason is that a simple relabeling of the flavor indices in Eq. (4.3) leads to Eq. (3.8).
Additionally, we computed the off-shell tree-level propagator of twisted mass fermions
to see that it does not have an explicit O(a) term. If such a term appears at tree level
it would remain in the interactive theory spoiling the O(a2) scaling. In App. C.1 the
details of the calculation are presented and it is in fact proven that O(a) terms do not
appear. We remark that the same calculation for Wilson fermions yields to an explicit
O(a) term at tree-level as shown in App. C.1.
In Chap. 2 the Symanzik effective theory was introduced. There we discussed the
effective expansion of the action and the operators. In the discussion, we omitted the
contact terms, since we had general on-shell observables in mind which are not affected
by such short distance singularities. Here, we are interested in the Symanzik expansion
of the density chain given in Eq. (3.8). For this we need to write the effective expansion
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of the pseudo-scalar density in terms of the lattice spacing
P abeff = Pab + a(mqPab + µSab) +O(a2), (4.4)
where Pab corresponds to continuum limit pseudoscalar density. The second term con-
tains all the operators of dimension 5 with the same quantum numbers as Pab. The
following terms which would include higher dimensional operators do not need to be
considered, since they correspond to, at least, an O(a2) contribution.
This implies the following Symanzik expansion
d4x1d
4x2d
4x3d
4x4d
4x5

P+12(x1)P
−
23(x2)P
+
34(x3)P
−
45(x4)P
+
56(x5)P
−
61(0)

= (4.5)
=

d4x1d
4x2d
4x3d
4x4d
4x5

P+12(x1)P
−
23(x2)P
+
34(x3)P
−
45(x4)P
+
56(x5)P
−
61(0)

0
+ a6c1mq

d4x1d
4x2d
4x3d
4x4d
4x5

P+12(x1)P
−
23(x2)P
+
34(x3)P
−
45(x4)P
+
56(x5)P
−
61(0)

0
+ a6c′1µ

d4x1d
4x2d
4x3d
4x4d
4x5

S+12(x1)P
−
23(x2)P
+
34(x3)P
−
45(x4)P
+
56(x5)P
−
61(0)

0
+ contact terms +O(a2).
A first O(a) term, which in principle is present in Eq. (4.5) and corresponds to the
effective twisted mass action, does not contribute, for symmetry reasons, as it was already
explained in detail in Chap. 2 and therefore it has been omitted. The second and third
terms correspond to the O(a) terms which appear in the effective pseudo-scalar density
P effab given by Eq. (4.4). Both terms vanish for maximally twisted mass fermions; the
former because mq is tuned to zero and the latter because of symmetry reasons, i.e. the
term is R15 odd and therefore it has to be zero, as it was explained in Chap. 2. In the
Wilson case an analogous term to the former appears which leads to the introduction of an
improvement coefficient in the renormalization factor in order to cancel the corresponding
O(a) contribution. In contrast, in the twisted mass case at maximal twist there is no need
to tune any further parameter besides mpcac. For the sake of clarity, in the following we
omit all the O(a) terms which vanish, therefore we are only left with the contact terms.
We are then interested in computing the contact terms which rise when two or more
densities are placed in the same point. The operator product expansion (OPE) is a
fundamental tool which allow us to study the singularities of a product of operators
O1(x)O2(0) when x approaches zero. We can apply OPE in this interactive case, which
in principle is only applicable at tree level, due to the property of asymptotic freedom
that QCD shows at short distance. Through OPE we can explicitly compute the form
of the contact terms and study the divergences originated by them.
We need to study all the different combinations of densities placed at the same point.
Thus, in principle, we need to consider two, three or even the whole chain placed at
zero. However, a careful analysis of the singularities using power counting shows that
the only case which give rise to O(a) terms in the Symanzik expansion is a product of two
operators. The reason is that the divergence originated by two pseudoscalar operators
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goes like |x|−3 which after a four dimensional integration give rise to an O(a) term. In
the case of three operators, the divergence goes like |x|−6, but in this case the integral
goes d8x which corresponds to an O(a2) term in the Symanzik expansion. A higher
number of operators gives an even higher power of a. Even in the case where we place
at zero all the densities and therefore a mixture with the identity in flavor space occurs,
the divergence goes like |x|−18 and the integral is over d20x leading to an O(a3) term
according to power counting. In addition only consecutive operators share a common
flavor structure and can, therefore, mix. In conclusion we are only interested in the case
P+ab(x)P
−
bc (0) when x→ 0.
To apply OPE we need to consider all the symmetries of the twisted mass action2 to
obtain all the operators which mix with the product P+ab(x)P
−
bc (0). In principle we are
interested only in the operators with the lowest dimension since they correspond to the
dominant singularity and therefore can give rise to O(a) contact terms. All the higher
dimensional operators, which in principle also mix, correspond to O(a2) or higher power
and are therefore neglected.
The quark content of the product P+ab(x)P
−
bc (0) constrains the mixing with operators
of dimension 3 to only two operators:
S↑ac = ψa
1
2
(1± τ3)ψc, (4.6)
P ↑ac = ψaγ5
1
2
(1± τ3)ψc, (4.7)
and the modified parity P˜ restricts the mixing even more eliminating P ↑ac which is P˜ odd
whereas the product is even under this transformation3. Therefore we can conclude that
P+ab(x)P
−
bc (0)
x→0∼ C(x)S↑ac(0) + . . . . (4.8)
The Wilson term C(x) contains a singularity of the form |x|−3, which leads to O(a)
terms in the Symansik expansion after integration. As we previously explained the
identity operator does not mix with the product due the non-trivial flavor structure of
the product of densities.
We are thus lead to include a term for each singularity in the Symansik expansion
d4x1d
4x2d
4x3d
4x4d
4x5

P+12(x1)P
−
23(x2)P
+
34(x3)P
−
45(x4)P
+
56(x5)P
−
61(0)

= (4.9)
=

d4x1d
4x2d
4x3d
4x4d
4x5

P+12(x1)P
−
23(x2)P
+
34(x3)P
−
45(x4)P
+
56(x5)P
−
61(0)

0
+ ac2

d4x2d
4x3d
4x4d
4x5

S↑13(x2)P
+
34(x3)P
−
45(x4)P
+
56(x5)P
−
61(0)

0
+
+ ac2

d4x1d
4x3d
4x4d
4x5

P+12(x1)S
↑
24(x3)P
−
45(x4)P
+
56(x5)P
−
61(0)

0
+
2For a detailed introduction to twisted mass symmetries see App. A.2.
3If we were interested in 4-dimensional operators µP ↑ac would mix since it is even under P˜ .
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+ ac2

d4x1d
4x2d
4x4d
4x5

P+12(x1)P
−
23(x2)S
↑
35(x4)P
+
56(x5)P
−
61(0)

0
+
+ ac2

d4x1d
4x2d
4x3d
4x5

P+12(x1)P
−
23(x2)P
+
34(x3)S
↑
46(x5)P
−
61(0)

0
+
+ ac2

d4x1d
4x2d
4x3d
4x4

P+12(x1)P
−
23(x2)P
+
34(x3)P
−
45(x4)S
↑
51(0)

0
+
+ ac2

d4x2d
4x3d
4x4d
4x5

P−23(x2)P
+
34(x3)P
−
45(x4)P
+
56(x5)S
↑
62(0)

0
+O(a2).
It is possible to find a relation between the contact terms and the original density
chain through non-singlet axial Ward-Takahashi identities. We performed such calcula-
tion, which is presented and explained in detail in App. C.2, and obtained the following
identities

d4x2d
4x3d
4x4d
4x5

S↑13(x2)P
+
34(x3)P
−
45(x4)P
+
56(x5)P
−
61(0)

+ (4.10a)
+

d4x2d
4x3d
4x4d
4x5

P−23(x2)P
+
34(x3)P
−
45(x4)P
+
56(x5)S
↑
62(0)

= 2mq

d4x2d
4x3d
4x4d
4x5

d4x1

P+12(x1)P
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23(x2)P
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34(x3)P
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45(x4)P
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56(x5)P
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61(0)


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4x5
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+ (4.10b)
+
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34(x3)P
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↑
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
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
d4x2d
4x3d
4x4d
4x5

d4x1

P+12(x1)P
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34(x3)P
−
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

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
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
If we now substitute Eq. (4.10a-4.10c) in Eq. (4.9) we obtain the final result for 6 flavors.

d4x1d
4x2d
4x3d
4x4d
4x5 ⟨P12(x1)P23(x2)P34(x3)P45(x4)P56(x5)P61(0)⟩ = (4.11)
=

d4x1d
4x2d
4x3d
4x4d
4x5 ⟨P12(x1)P23(x2)P34(x3)P45(x4)P56(x5)P61(0)⟩0
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+ a6c2mq

d4x1d
4x2d
4x3d
4x4d
4x5 ⟨P12(x1)P23(x2)P34(x3)P45(x4)P56(x5)P61(0)⟩0
+O(a2)
Generalizing this expression for Nf number of flavors is straightforward, we chose to
write a specific example just for simplicity.
Our final result given by Eq. (4.11) shows that the contact terms that arise in the
Symanzik expansion are proportional to the Wilson quark mass. However, in the twisted
mass formulation at maximal twist, the Wilson mass is tuned to zero. This directly
implies that the contact terms vanish at maximal twist.
This concludes our proof where we have shown that the mode number, and conse-
quently, the chiral condensate have an O(a2) scaling towards the continuum for twisted
mass fermions at maximal twist, as it is our case.
Note that an identical conclusion is found if, instead of Ward identities, symmetry
arguments are applied 4. The motivation to follow the procedure shown above was the
analogy to the calculation done in the Wilson case to obtain the improvement coefficients
introduced in Ref. [74].
4.3. Chiral condensate with spectral projectors
In this section we describe the strategy to compute the chiral condensate through the
Banks-Casher relation using spectral projectors, a method that was already introduced in
the previous chapter. We first introduce the procedure to compute the chiral condensate
through the mode number, which is computed using the spectral projectors. We then
explain the technical details of the implementation of the method through a particular
example. We also discuss our error analysis which includes a comprehensive calculation
of all systematic uncertainties.
4.3.1. Procedure
We computed the chiral condensate through the Banks-Casher relation given by Eq. (4.1).
Instead of computing the spectral density ρ, we calculated the mode number ν and then
extract the effective chiral condensate through the following equation
ΣR =
π
2V

1−

µR
MR

∂
∂MR
νR(MR, µR). (4.12)
which was proposed in Ref. [59]. In Eq. (4.12) the pre-factor was chosen to match the
chiral condensate to leading order of chiral perturbation theory. We comment further on
this formula in the following.
4 In following chapters we will use this alternative strategy, based on symmetry properties of twisted
mass, to study the improvement of the topological susceptibility.
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Figure 4.2.: Mode number ν as a function of the renormalized threshold parameter MR
for Nf = 2 at β = 3.9 and aµ = 0.004. The line corresponds to a linear fit
to all 5 points.
The value of ΣR in Eq. (4.12) is constant in the region where the mode number shows
a linear behavior inMR. Performing then a simple linear fit to our data points, will allow
us to compute the mass dependent effective chiral condensate from the slope of this fit.
In our experience the linear regime extends from about 50 MeV until at least 110 MeV,
although this range depends on the parameters of the simulation. The quark mass is
directly related to the lower bound given above and therefore a mass larger than 40 MeV
can decrease the interval of linearity. Therefore we concluded that it is important to
avoid the region below 1.5µ. The identification of the linear regime for the mode number
as a function of M has been carefully studied and by changing the fitting range we were
able to provide a systematic error stemming from a possible mis-identification of the
linear region.
We illustrate the spectral projectors method with one example which corresponds to
the Nf = 2 ensemble b40.325 where O(200) independent configurations were analyzed.
As it is shown in Fig. 4.2, the mode number computed using spectral projectors for 5
values of MR clearly falls onto a straight line in the chosen region [50,120] MeV. The
plotted line corresponds to a linear fit which is performed over all points in order to
extract the slope. In general we avoid to convert MR to MeV, since it would introduce
an error coming from the estimation of the lattice spacing in physical units, and therefore
5All the details of the gauge ensembles that have been used in this work can be found in App. D
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all the fits are performed using aMR. The term ∂ν/∂MR in Eq. (4.12) is given by the
extracted slope mR is the quark mass and MR corresponds to the middle point of the
fitting interval.
The linear behavior of our data in the presented example is actually observed in all the
ensembles for the region of M that we specified above, except for some small deviations
that are taken into account in the systematic error. Moreover if instead of M we choose
the quantity Λ, the same linear behavior is observed. All the results and a further
discussion about the linearity and its implications in the calculation of Σeff can be found
in App. E.2.
A main issue in lattice calculations is that the Monte Carlo simulations are affected by
autocorrelations. Autocorrelations can have a big influence in the determination of the
error of the expectation value of a given observable, usually leading to an underestimation
of the statistical uncertainty. In order to consider the autocorrelation to compute the
statistical errors, in all our calculations we applied the method described in Ref.[80].
For each quantity we computed the integrated autocorrelation time τint which gives
an estimation of the autocorrelation that affects a given observable. If τint > 0.5 the
effective statistics are lower and therefore the naive error, taken every measurement as
being independent, is expected to be underestimated. All the results of each computed
observable together with its error and the corresponding τint are given in App. E.1. An
additional and completely independent analysis using the bootstrap method was made
to cross-check all the results [81].
In order to demonstrate the accuracy that can be obtained with the spectral projectors
method, we give the value of the chiral condensate for the example shown in Fig. 4.2.
The chiral condensate is extracted from the slope of the linear fit, as explained above
which leads to aΣ1/3 = 0.13372(34) if only the statistical error is consider.
In order to reduce the statistical error for aΣ1/3 we need to compute the mode number
more accurately. To this end we can either increase statistics, which reduces the error as
O(1/√N), or increase the number of stochastic sources.
Increase the number of stochastic sources decreases the variance given by [59]
(ON − ⟨ON ⟩)2

=

(Tr{PM} − ⟨Tr{PM}⟩)2

+
1
N
ν(M,m), (4.13)
where
ON = 1
N
N
k=1
(ηk,PMηk). (4.14)
In all the calculations presented in this work only one stochastic source was used
since, as we explain in detail below, the computation is dominated by systematic effects,
being the statistical error almost negligible. However, in our experience, if a decrease
of the statistical uncertainty is desired, an additional source would be a good choice,
whereas beyond two sources the cost of the calculation do not seem to compensate the
low improvement in the precision.
Nevertheless, it is important to notice that, when we increase the volume, the mode
number increases, whereas the statistical error remains of the same order, i.e. the mode
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lowest M largest M
χ2/dof r0Σ
1/3
aMR MR(MeV) aMR MR(MeV)
0.0225 56 0.0375 93 0.004 0.7085(43)
0.0225 56 0.0450 112 0.018 0.7116(24)
0.0225 56 0.0525 131 0.588 0.7154(18)
0.0300 75 0.0450 112 0.006 0.7141(46)
0.0300 75 0.0525 131 0.567 0.7189(33)
0.0375 93 0.0525 131 0.549 0.7235(57)
Table 4.1.: Values of r0Σ1/3 for β = 3.9 and aµ = 0.004 corresponding to different fit
interval ranges. The value quoted as our final result corresponds to the fit
which contains all the available points. The results obtained through different
fits are used to compute the systematic error. The errors given are only
statistical.
number is an extensive quantity. Therefore, the relative error decreases when the volume
is increased. Moreover the error it is expect to decrease with a rate of O(V −1/2) [59].
This remarkable property will be very useful for the different applications addressed in
this work. A further discussion about the systematic effects that affect our calculation
can be found in the next section.
4.3.2. Statistical and systematic errors
As showed above, the spectral projectors method yields to very accurate statistical re-
sults, such that a careful treatment of the systematic errors needs to be performed.
First of all, we need the renormalized value of M and hence the renormalization con-
stant Zµ [82, 83, 84], whose determination is dominated by systematic effects.
In addition, in order to be able to compare our results with others we need to express
the chiral condensate aΣ1/3 in either physical units MeV (typically in the MS scheme
at 2 GeV) or as the dimensionless ratio r0Σ1/3. In both cases a new source of error is
introduced in our result. The former is caused by the uncertainty in the estimation of the
lattice spacing and the latter by the error in the calculation of r0/a. However the spread
of estimations of the lattice spacing in physical units6 amounts to a relative error of
around 7%, which leads to a systematic uncertainty in the chiral condensate much larger
than the error introduced by r0/a. Nevertheless we present both final results, dimension-
less and dimension-full, although we chose to express all the intermediate values in terms
of r0Σ1/3 due to the smaller systematic uncertainty of this choice. A further discussion
about the current uncertainty of setting the scale in lattice calculations which affects also
the parameter r0 can be found at the end of the present chapter.
Finally we need to carefully examine the linearity of the mode number in the fitting
region. In principle we expect that the slope of the linear fit and therefore ∂ν/∂MR
6For instance for β = 3.9 we can find a=0.079 fm [40], a=0.085 fm[85], a=0.089 fm[86].
65
4. Computation of chiral condensate
Nf = 2
L3 × T L [fm] r0Σ1/3
163 × 32 1.4 0.7121 (86)(53)(38)
203 × 40 1.7 0.7214 (74)(54)(39)
243 × 48 2.0 0.7246 (39)(54)(38)
323 × 64 2.7 0.7154 (19)(53)(38)
Table 4.2.: Values of r0Σ1/3 for different volumes for Nf = 2. The errors quoted corre-
spond to the statistical uncertainty, the error coming from r0 and the error
resulting from ZP respectively.
remains constant as a function of MR. However this is not strictly true, since reducing
the number of points considered in the fit, which correspond to perform the fit in dif-
ferent intervals, leads to slightly different results. Nevertheless all the results are always
compatible within errors. However, the differences found by choosing different fitting
intervals will be taken into account as a systematic error.
In Tab. 4.1 we show the different results obtained through fits over various ranges for a
given example, which again correspond to the ensemble b40.32. The spread of the results
is considered to compute the systematic error which will be denoted as ()fit.
At the end, considering all the systematic errors that affect our calculation, we obtain
the following result for the ensemble b40.32
r0Σ
1/3 = 0.7154(18)stat(38)fit(39)ZP (53)r0/a. (4.15)
We can thus conclude that the uncertainty of our result is dominated by systematic
effects. Moreover we can confirm that O(200) independent configurations is enough to
have an almost negligible statistical error. Therefore we suggest to increase the number
of values of MR to decrease the systematic error originated by the choice of the linear
fit range. Of course, the errors coming from r0/a and ZP are independent from this
work and, in order to decrease the corresponding error of r0Σ1/3, even further improved
estimates of the quantities need to be provided.
4.4. Finite volume effects for Nf = 2 and Nf = 2 + 1 + 1
By nature of the lattice simulations are restricted to a finite volume. It is for this reason
that the study of finite volume effects (FVE) is a fundamental aspect in lattice QCD.
In particular, we need to ensure that our results are not affected by FVE, since we are
interested in the infinite volume theory.
Chiral perturbation theory (χPT) can be used to study systematic effects in lattice
calculations such as, for example, finite volume effects. Theoretical arguments have been
given [59] to show that the difference between the finite-volume Σeff and the infinite-
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Nf = 2 + 1 + 1
L3 × T L [fm] r0Σ1/3
203 × 40 1.7 0.8541 (93)(62)(48)
243 × 48 2.0 0.7979 (79)(58)(45)
323 × 64 2.8 0.8000 (32)(58)(41)
Table 4.3.: Values of r0Σ1/3 for different volumes for Nf = 2+ 1+ 1. The errors quoted
correspond to the statistical uncertainty, the error coming from r0 and the
error resulting from ZP respectively.
volume Σeff decays exponentially in the following way
Σeff − Σeff |V=∞ ∝ e−
1
2
MΛL, (4.16)
where
M2Λ =
2ΛΣ
F 2
, Λ =

M2 − µ2. (4.17)
In Eq. (4.16) the parameter F represents the pion decay constant in the chiral limit.
Taken physical values for F it can be shown that the finite volume corrections are small
since the mass dependent effective condensate is computed for large values of M with
respect to the quark mass. In fact, the corrections should be of the order of 1% for
L ≥ 2 fm when typical values of M and m are used [59].
As it was explained in Ref. [59], MΛ would correspond to the mass of a pseudo-scalar
meson whose valence quarks would have a mass equivalent to Λ. We can then expect
that the finite volume effects would be much smaller than for the pion mass, since we
choose Λ to be much larger than the quark mass.
Furthermore an explicit calculation of the finite volume corrections of the integrated
spectral density, i.e. the mode number, was performed in SU(2) chiral perturbation
theory [70]. The corresponding analytic formula again predicts that the finite volume
corrections are small O(≤ 1%) for a range of M between 50 and 110 MeV and quark
masses from 10 to 40 MeV if L ≥ 2 fm. In addition the corrections that this formula
predict are larger for larger values of M . The expression reads
∆NV (m,Λ2,m)NLO =
 Λ2
m
[∆ρVQ(λ,m) + ∆ρ
V
Q(−λ,m)]NLOdλ = (4.18)
2Σ2
4F 2

Λ22 −m2
(4π)2F 4

{n1,n2,n3,n4}≠0

2
Λ22 −m2
Im

F−2

Σq2n
2F 2
, i

Λ22 −m2 +m

− m
Λ22 −m2
Im

F−1

Σq2n
2F 2
, i

Λ22 −m2

+Re

F−1

Σq2n
2F 2
, i

Λ22 −m2

.
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Figure 4.3.: Mode number computed for 4 different volumes and 4 different values of MR
are plotted as filled symbol. The open symbols correspond to the predicted
finite volume corrections given by Eq. (4.18). The dotted lines are given by
the values for the largest volume. The data shown in this plot corresponds
to Nf = 2 dynamical fermions at β = 3.9 and aµ = 0.004.
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Figure 4.4.: Mode number computed for 4 different volumes and 4 different values ofMR.
The dotted lines are given by the values for the largest volume. The data
shown in this plot corresponds to Nf = 2 + 1 + 1 dynamical fermions at
β = 1.90 and aµ = 0.004.
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Figure 4.5.: Chiral condensate r0Σ1/3 for 4 different volumes for Nf = 2+1+1 dynamical
fermions at β = 1.90, aµ = 0.004. Only statistical errors are plotted.
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Figure 4.6.: Chiral condensate r0Σ1/3 for 4 different volumes for Nf = 2+1+1 dynamical
fermions at β = 1.90, aµ = 0.004. Only statistical errors are plotted.
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In this section we present an extended study of FVE to show that the expectations
described above apply to our setup. To this end we computed the mode number and
the chiral condensate for different volumes. We report on the results for Nf = 2 and
Nf = 2+ 1+ 1 at fixed lattice spacing and fixed quark mass for four and three different
volumes respectively.
Fig. 4.3 shows the mode number computed for five values ofM at four different volumes
for the case of Nf = 2 dynamical twisted mass fermions at maximal twist. There it can
be seen that the finite volume corrections are almost negligible, as expected, for L ≥ 2 fm.
It is also interesting to observe that the deviations seem to increase for lower values of
M , as it was predicted by Eq. (4.16).
In the same figure (Fig. 4.3) we also plotted the analytical prediction for the finite
volume corrections given by Eq. (4.18). We can confirm that for values L ≥ 2 fm the
predicted corrections describe the lattice data, confirming that the corrections are O(1%)
for large volumes. However, for smaller volumes, Eq. (4.18) seems to underestimate the
corrections by a factor of O(2).
The corresponding values of the chiral condensate are plotted in Fig. 4.5. The fact
that the finite volume corrections depend on the value of M has a direct consequence in
the slope from which we extract Σeff . Thus we observe a statistically significant different
between the largest volumes. However, if we consider the other systematic uncertainty
discussed above, we can conclude that within these large systematic errors all the results
are compatible. Thus, in the following, we will neglect the small systematic error coming
from FVE.
The analogous study for Nf = 2+1+1 is shown in Fig. 4.4 and Fig. 4.6 for the mode
number and the chiral condensate respectively. Fig. 4.6 shows the chiral condensate
where, in this case, we observe large FVE for L ≤ 2 fm. Somewhat surprisingly, in the
case of the mode number the finite volume corrections tend to go in the opposite direction
than in the case of Nf = 2. Also, the difference in the FVE between the largest and the
lowest value of M seems to be enhanced. This behavior could not be foreseen although
it can be due to the addition of the strange and the charm quarks in the dynamical
simulations. For this reason it would be very interesting to have a similar expression to
Eq. (4.18) but extended to twisted mass QCD in order to compare both cases and see if
this change of behavior is described by chiral perturbation theory.
In order to interpret Fig. 4.5 and Fig. 4.6 it is important to consider that the mode
number is an extensive quantity. This implies that for larger volumes the relative error
decreases, as it was already explained in the last section. The direct consequences of
this peculiarity is that, for a comparable number of statistics, the error of the chiral
condensate is smaller for larger volumes.
As a conclusion of the study presented above we perform 7, all the calculations on
volumes L ≥ 2 fm to ensure that our results are either not affected by FVE or that those
are negligible.
7The only exception is the ensemble for β = 4.2 and aµ = 0.0065 whose volume correspond to L ≈
1.7 fm. However the value of mπL > 4 for this ensemble, which ought to be sufficiently large to
suppress FVE.
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4.5. Chiral extrapolation for Nf = 2 and Nf = 2 + 1 + 1
In this section we present the results of the chiral condensate forNf = 2 andNf = 2+1+1
dynamical twisted mass fermions at maximal twist for several quark masses a different
values of β. This allow us to perform an extrapolation to the chiral limit for each β. The
results extrapolated to the chiral limit will be used in the following section to perform
the continuum limit and to obtain thus our final results for the chiral condensate.
We follow the procedure introduced in Sec. 4.3.1, in order to extract the chiral con-
densate. We compute the mode number for five, in the case of Nf = 2, or four, in the
case of Nf = 2 + 1 + 1, values of M from around 50 MeV to 120 MeV. We extract the
slope of the mode number through a linear fit, which we then insert in Eq. (4.12) in order
to obtain the mass dependent effective condensate Σeff . We computed Σeff for several
masses at three different lattice spacings in both cases. This allow us to perform the
continuum limit of chirally extrapolated data as will be shown in the next section. For
the moment we focus the discussion on the chiral behavior.
The chiral condensate is extrapolated to the chiral limit using the analytical description
introduced in Sec. 4.1 where a NLO chiral perturbation theory formula was introduced,
which describes the chiral behavior of Σeff . It was shown there that the NLO effects are
negligible for low quark masses and therefore a linear extrapolation in the quark mass
can be performed to extract Σ in the chiral limit.
In Fig. 4.7 and Fig. 4.8 all the results for Nf = 2 + 1 + 1 and Nf = 2 respectively are
plotted. As we can see, the data, in both cases, show a linear behavior in the quark mass
demonstrating that we are, in fact, not sensitive to higher order corrections of χPT.
The errors plotted in Fig. 4.7 and Fig. 4.8 are only statistical, since the relative errors
which are introduced by ZP and r0 enter at the same level for all the values of the quark
masses. However, in Tab. 4.5 and Tab. 4.4 we give all results including the corresponding
systematic errors. We also incorporate in the tables the explicit results for the chiral
extrapolation for each value of β. The systematic error, which is quoted for the chiral
extrapolated values corresponds to the uncertainty in the fit range and was computed by
performing a fit in three different fit intervals.
In order to present a reliable systematic error, given by the uncertainty in the linear
regime, we perform three different calculations. We first avoid the lowest value of M in
order to be sufficiently above the renormalized quark mass and therefore include possible
deviations coming from this source. In a second estimation we ignore the largest value of
M to consider deviations from the linear behavior at larger values ofM . Our quoted value
corresponds to the analysis where all the points are included. However, the differences
in the chirally extrapolated results obtained through the three independent analysis are
taken as the systematic error of the chiral extrapolation.
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Ensemble aµ r0Σ1/3
b30.32 0.003 0.7132 (30)(53)(38)
b40.32 0.004 0.7154 (19)(54)(38)
b64.24 0.0064 0.7243 (33)(54)(39)
b85.24 0.0085 0.7359 (25)(55)(39)
extrapolation 0 0.6981 (36)(52)(38)(162)
c30.32 0.003 0.7187 (50)(43)(30)
c60.32 0.006 0.7338 (40)(44)(30)
c80.32 0.008 0.7404 (26)(44)(31)
extrapolation 0 0.7062 (80)(42)(30)(174)
d20.48 0.002 0.7020 (42)(50)(60)
d65.32 0.0065 0.7429 (41)(53)(64)
extrapolation 0 0.6821 (68)(49)(60)(280)
Table 4.4.: Results of the chiral condensate r0Σ1/3 for all the Nf = 2 ensembles. The
first error quoted corresponds to the statistical uncertainty, the second and
third are resulting from r0 and ZP respectively. The result of the chiral
extrapolation is also shown (aµ = 0), where the last given error corresponds
to the uncertainty resulting from the fit range. All the results correspond to
MR ≈ 90 MeV.
Ensemble aµ r0Σ1/3
A30.32 0.003 0.7916 (68)(58)(45)
A40.32 0.004 0.8000 (33)(58)(46)
A50.32 0.005 0.8118 (30)(59)(46)
A60.32 0.006 0.8130 (66)(59)(46)
A80.32 0.008 0.8246 (43)(60)(47)
extrapolation 0 0.7752 (71)(56)(44)(183)
B25.32 0.0025 0.7525 (54)(54)(25)
B35.32 0.0035 0.7550 (46)(54)(25)
B55.32 0.0055 0.7620 (34)(55)(25)
B75.32 0.0075 0.7734 (30)(56)(26)
extrapolation 0 0.7391(64)(53)(25)(128)
D15.48 0.0015 0.7281 (49)(56)(14)
D20.48 0.002 0.7410 (30)(57)(14)
D30.48 0.003 0.7400 (31)(57)(14)
extrapolation 0 0.7281 (82)(56)(14)(84)
Table 4.5.: Results of the chiral condensate r0Σ1/3 for all the Nf = 2+1+1 ensembles.
The first error quoted corresponds to the statistical uncertainty, the second
and third are resulting from r0 and ZP respectively. The result of the chiral
extrapolation is also shown (aµ = 0), where the last given error corresponds
to the uncertainty resulting from the fit range. All the results correspond to
MR ≈ 80 MeV.
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β=2.1
β=1.95
β=1.90
Nf = 2 + 1 + 1
r0µ
r3 0
Σ
0.090.080.070.060.050.040.030.020.010
0.6
0.55
0.5
0.45
0.4
0.35
Figure 4.7.: Chiral extrapolation of the chiral condensate r30Σ for Nf = 2+1+1 dynam-
ical fermions at β = 2.1, 1.95 and 1.90 respectively. The lines correspond
to a chiral extrapolation linear in the quark mass. The red points are the
extrapolated values at µ = 0.
β=4.2
β=4.05
β=3.9
Nf = 2
r0µR
r3 0
Σ
0.120.10.080.060.040.020
0.42
0.4
0.38
0.36
0.34
0.32
0.3
Figure 4.8.: Chiral extrapolation of the chiral condensate r30Σ for Nf = 2 dynamical
fermions at β = 3.9, 4.05 and 4.2 respectively. The lines correspond to
a chiral extrapolation linear in the quark mass. The red points are the
extrapolated values at µ = 0
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4.6. Continumm limit for Nf = 2 and Nf = 2 + 1 + 1
One of the main goals of this thesis is to compute the continuum limit of the chiral
condensate Σ for the values that have been previously extrapolated to the chiral limit, as
discussed in the previous section. In this section we provide the continuum limit results
for Nf = 2 and Nf = 2 + 1 + 1 and compare them with other calculations found in the
literature.
The chiral condensate defined through the method of spectral projectors is an O(a) im-
proved quantity since it is R15 even, which guarantees the O(a2) scaling to the continuum
limit for twisted mass fermions at maximal twist. Moreover we showed in Sec. 4.2 that
the short distance singularities do not spoil this remarkable feature, since the contact
terms, which we explicitly computed, and which arise in the Symanzik expansion, are
proportional to mq and therefore vanish at maximal twist. We are thus led to perform a
continuum limit linear extrapolation in a2.
In Sec. 4.5 the chiral extrapolation of the chiral condensate was performed for 3 different
values of the lattice spacing in the 2-flavor case and for Nf = 2 + 1 + 1. We now use
that data to compute the continuum limit in both cases. In Fig. 4.10 the continuum
extrapolation is shown for Nf = 2. For the case of Nf = 2 + 1 + 1 the results of the
continuum limit are plotted in Fig. 4.9. Performing the linear extrapolation in (a/r0)2
we obtain as our final result for Nf = 2
r0Σ
1/3 = 0.685(16)(32) (4.19)
which is perfectly compatible with the result for the case Nf = 2 + 1 + 1 given by
r0Σ
1/3 = 0.683(19)(18). (4.20)
The first error quoted in Eq. (4.19) and Eq. (4.20) combines in quadrature the statis-
tical error, the error coming from the estimation of ZP and from r0. The second error
quoted corresponds to the uncertainty in the fit range in M to extract the linear slope
of the mode number. In order to quantify the latter we performed three different contin-
uum limit extrapolation, as we did for the chirally extrapolated result. Again, the first
extrapolation contains all the data and gives the final result quoted above. The other
two fits ignore the lowest and the largest value of M respectively to account for possible
deviations of the linearity. The difference between all the fit results give us the estima-
tion of the systematic error of varying the fit interval in M . To illustrate this procedure
we show all the results in Tab. 4.6. We can see that the Nf = 2 + 1 + 1 data is less
sensitive to the variations in the fit interval than the Nf = 2 data. This is partly due to
the fact that for Nf = 2 + 1 + 1 more masses are available at each β than for Nf = 2.
In addition, the slopes for the case of Nf = 2 + 1 + 1 flavors are smaller. Both effects
reduce the response of a change in the interval fit. Another possible factor is that the
central values of MR in the fit are lower and therefore we have less deviations from the
linearity which appears at large values of M , hence the discrepancy between the results
is reduced, decreasing the corresponding systematic effect.
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Nf = 2 + 1 + 1
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Figure 4.9.: Continuum limit extrapolation of the chiral condensate r0Σ1/3 linear in a2
for Nf = 2 + 1 + 1 dynamical fermions. The red point corresponds to the
extrapolated value in the continuum limit.
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Figure 4.10.: Continuum limit extrapolation of the chiral condensate r0Σ1/3 linear in
a2 for Nf = 2 dynamical fermions. The red point corresponds to the
extrapolated value in the continuum limit.
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MR [MeV] r0Σ1/3 Nf
∼ 80 0.6726 2
∼ 90 0.6835 2
∼ 100 0.7155 2
∼ 70 0.6757 2+1+1
∼ 80 0.6850 2+1+1
∼ 90 0.6812 2+1+1
Table 4.6.: Results of the continuum limit of r0Σ1/3 for different fit intervals. The analysis
which led to the highlighted values considers all the data, whereas the values
for lower or larger values of MR correspond to the data where the largest or
the lowest values of M respectively have been ignored.
4.6.1. Comparison with other results
In this thesis we have computed the chiral condensate through the Banks-Casher rela-
tion using the method of spectral projectors. However, there are other techniques to
computate Σ. One method is to use chiral perturbation theory where Σ appears as a
low energy constant in the quark mass dependence of light pseudoscalar mesons. It can
also be computed through the topological susceptibility or calculating directly the quark
propagator. For a summary of recent results we refer to Ref. [87].
In this section we compare our results with such other calculations that can be found in
the literature. However, we make a selection by considering only large volume calculations
with continuum limit results. We gather all the different results in Tab. 4.7 and in
Fig. 4.11 for a more visual comparison. We see a very good agreement among all the
values for the dimensionless quantity r0Σ.
All the values that have been given in this chapter correspond to the dimensionless
product r0Σ1/3. The reason is the uncertainty which currently exist in the determination
of the lattice spacing a which is used to convert lattice results to MeV in order to compare
with phenomenology or experiments.
To illustrate the uncertainty stemming from the scale setting, we refer to example of
the lattice spacing as being computed within the ETM collaboration for 2 flavors. For
example for the ensemble β = 3.9 there are 3 different estimations which use 3 different
techniques. Using the nucleon mass a=0.089 fm [86], through chiral fits a=0.079 fm [40]
and more recently a=0.085 fm [85], which would correspond to Σ1/3 [MeV] = 288.8(1.4),
303.2(1.5), and 327.9(1.6) respectively for the chiral extrapolation at β = 3.9, where only
statistical errors are quoted.
In order to take into account this uncertainty we need to include the spread of the
results in the error. This will give an additional error to our result which is almost an
order of magnitude higher than the errors quoted above. Since the computation of the
scale is not part of our work but it is computed using different observables, we cannot
control ourselves the error coming from setting the scale. We decided therefore to give
all the results avoiding this discussion by constructing a dimensionless product.
76
4.6. Continumm limit for Nf = 2 and Nf = 2 + 1 + 1
HPQCD, 2012
ETMC, 2012
ETMC, 2009
S.Borsanyi et al., 2012
MILC, 2010
MILC, 2009
RBC-UKQCD, 2010
this work Nf = 2 + 1 + 1
this work Nf = 2
r0Σ
1/3
0.80.750.70.650.60.55
Figure 4.11.: Comparison of the dimensionless product r0Σ1/3 found in the literature. All
the data plotted correspond to the values which can be found in Tab. 4.7.
The errors have been summed in quadrature.
method Nf fermion r0Σ1/3 Σ1/3 [MeV] r0 [fm]
spect. proj. 2 tm 0.684 (16)(32) 281 (7)(13) 0.48 [86]
spect. proj. 2+1+1 tm 0.683(19)(18) 280 (8)(7) 0.48 [86]
chiral fits 2+1 dw 0.632 (15)(12) 256 (6) [88] 0.487(9) [88]
chiral fits 2+1 st 0.654 (15)(12) 278 (6) [89] from r11
chiral fits 2+1 st 0.653 (18)(11) 281.5(7.9) [90] from r12
chiral fits 2+1 st 0.662 (5)(20) 272.3(1.2) [91] 0.48(1)(1)[92]
chiral fits 2 tm 0.575 (14)(52) 269.9(6.5) [40] 0.420(38) 3
quark prop. 2 tm 0.676 (89)(14) 299(26)(29) [93] 0.446(9) [93]
quark prop. 2+1+1 st 0.673 (5)(11) 283(2) [94] from r14
Table 4.7.: Comparison of our result of the chiral condensate with continuum limit results
found in the literature. To fit the table we have used the following abbrevia-
tions: tm stays for twisted mass, dw for domain wall and st for staggered. The
original results are given in MeV, in order to compute r0Σ we have combined
the values of r0, also given in the table, with the values in MeV. The first
error correspond to the error given for Σ and the second corresponds to the
uncertainty of r0. When several errors are given we sum them in quadrature.
1r1 = 0.318(7) fm [89] and r0/r1 = 1.46(1)(2) [95].
2r1 = 0.3133(23) fm [90] and r0/r1 = 1.46(1)(2) [95].
3It was originally used r0 = 0.420(14) fm, however, recent estimations give a higher value of r0 ≈ 0.45
fm. We take the spread of values into account in the quoted error.
4r1 = 0.3209(26) fm [96] and r0/r1 = 1.46(1)(2) [95]
77
4. Computation of chiral condensate
The issue of setting the scale is actually a more general problem affecting all groups
working on lattice QCD world-wide. This can be seen, for instance, in the comparison
of the chiral condensate showed in Tab. 4.7. If we consider r0Σ1/3 we observe a good
agreement within different groups. On the other hand if we compare the results of the
chiral condensate in MeV we observe a big spread and different groups give values that
are no longer compatible. This inconsistency comes mainly from the scale setting issue
mentioned above and before this problem is not solved, it is preferable to compare the
dimensionless quantities such as the product r0Σ1/3.
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5. Computation of the ratio of renormalization constants ZP /ZS
The lack of chiral symmetry on the lattice at non-vanishing lattice spacing has impor-
tant consequences for the renormalization of composite operators such as the pseudoscalar
and the scalar densities. If a formulation is used where chiral symmetry (even only in its
lattice modified form) is respected, such as the overlap formulation, then both densities
renormalize in the same way with ZP = ZS , since they belong to the same chiral mul-
tiplet. On the other hand if the lattice formulation breaks chiral symmetry, such as the
Wilson or the twisted mass formulation, then this equality is not fulfilled any longer and
ZP /ZS ̸= 1. Nevertheless, in the continuum limit, where chiral symmetry is restored,
the renormalization constants ZP and ZS again coincide. Additionally it can be proven
using Ward identities 1 that this ratio of renormalization constants is scale and scheme
independent and has a well defined continuum limit.
One of the main targets of this work is to compute the topological susceptibility χtop
using spectral projectors, as will be explained in the following chapter. Since the for-
mulation that we apply, tmQCD, breaks chiral symmetry, this observable needs to be
renormalized by the ratio ZP /ZS as it will be explained in detail in the next chapter. For
this reason the calculation of ZP /ZS is a necessary intermediate step in order to achieve
our goal. Additionally we are interested in the calculation of the topological suscepti-
bility in the quenched approximation, χ∞, for which we explicitly generated quenched
ensembles. For this setup, the renormalization constants are not known and hence need
to be computed explicitly.
There are several strategies that one can follow to compute ZP /ZS , applying different
renormalization schemes such as the commonly used RI-MOM scheme. However, spectral
projectors offers a new approach to compute this ratio of renormalization constants in
an efficient way as proposed in Ref. [59].
In this chapter we report on the results of the computation of ZP /ZS using spectral
projectors. In Sec. 5.1 we introduce the method and comment on the subtleties of its
application. In Sec. 5.4 a test forNf = 2 in small volume is performed, where the outcome
is compared with RI-MOM and X-space results of the same ratio to demonstrate that
both methods agree. In Sec. 5.5 we compute ZP /ZS for the quenched ensembles that
were explicitly generated for the computation of χ∞.
5.1. ZP/ZS using spectral projectors
In previous chapters we studied the renormalization properties of the spectral sums
through the density chains, whose properties are well known. In the following, we will
describe, how the ratio of renormalization constants ZP /ZS can be computed by using
spectral projectors.
Let us start by recalling the form of the spectral sums σk that were introduced in
Chap. 2
σk(µ,m) =

Tr{(D†mDm + µ2)−k}

, (5.1)
1We refer to any general text, e.g.[72]
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which, as shown in App. E.3, can be represented by
σk(µ,m) = −a4(2k)−4

x1,...,xn−1

P+12(x1)P
−
23(x2) . . . P
−
(2k)1(0)

. (5.2)
In the same way we can define the spectral sums σr,s
σr,s(µ,m) =

Tr{γ5(D†mDm + µ2)−rγ5(D†mDm + µ2)−s}

, (5.3)
which for a given example, e.g. r = 2, s = 1 can be represented by
σr,s(µ,m) = −a24−4

x1,...,x6

S+12(x1)P
+
23(x2)P
−
34(x3)P
+
45(x4)S
+
56(x5)P
−
61(x6)

. (5.4)
In general the renormalization properties of the spectral sums are well known, since
they consist on a chain of pseudoscalar and/or scalar operators, which renormalize with
familiar factors, ZP and ZS respectively. Thus the renormalized spectral sums take the
following form
σk,R(µR,mR) = Z
2k
P σk(µ,m), (5.5)
σr,s,R(µR,mR) = Z
2
PZ
(2(r+s)−2)
S σk(µ,m). (5.6)
In the continuum limit chiral symmetry is restored and therefore the Dirac opera-
tor anticommutes with γ5. This implies that Eq. (5.1) and Eq. (5.3) coincide since
γ5(D
†D)−1γ5 = (D†D)−1.
In particular, if we choose the case where k = r + s, then the renormalized spectral
sums σr+s,R and σr,s,R give the same result in the continuum limit [59]. We can use this
property to extract the ratio of renormalization constants ZP /ZS in the following way.
We start with the relation
σr,s,R = σr+s,R → (5.7)
Z
2(r+s)−2
P Z
2
Sσr,s = Z
2(r+s)
P σr+s,R, (5.8)
which directly implies
Z2P
Z2S
=
σr,s,R
σr+s
. (5.9)
Eq. (5.9) can be generalized for any rational function of D†D which decays rapidly
enough. The definition includes the spectral projectors which were already introduced in
Chap. 3. Thus, as proposed in Ref. [59], we can substitute the spectral sums in Eq. (5.9)
by
Z2P
Z2S
=
⟨Tr{γ5PMγ5PM}⟩
⟨Tr{PM}⟩ . (5.10)
81
5. Computation of the ratio of renormalization constants ZP /ZS
In practice we compute the following spectral observables
A = 1
N
N
k=1
(R2Mηk,R2Mηk), (5.11)
B = 1
N
N
k=1
(RMγ5RMηk,RMγ5RMηk), (5.12)
where RM is the rational approximation of PM and N is the number of stochastic sources
ηk that has been introduced for each configuration. The connection between Eq. (5.10)
and the stochastic observables A and B can be easily be made in the following way.
We start with the observable A:
A = 1
N
N
k=1
(R2Mηk,R2Mηk) =
1
N
N
k=1
(R∗M )ab(R∗M )bc(η∗k)cRadMRdeMηek. (5.13)
Applying that RM is hermitian and therefore (R∗M )ab = RbaM and permuting the first
two elements
A = 1
N
N
k=1
RcbMRbaMRadMRdeM (η∗k)cηek. (5.14)
Now we contract the stochastic sources obtaining the following expression
A = 1
N
N
k=1
RbaMRcbMRadMRdeMδceδkk =
1
N
N
k=1
RcbMRbaMRadMRdcMδkk, (5.15)
and since
N
k=1 δkk = N we can write
A = RbaMRcbMRadMRdeM = Tr{R4M}. (5.16)
We can then conclude ⟨A⟩ = Tr{R4M} which is equivalent to ⟨Tr{PM}⟩. To compute
the trace of the fourth power of the projector, instead of just RM , simply increases the
precision of the calculation. Notice that ⟨A⟩ corresponds to the mode number computed
in the last chapter to extract the chiral condensate.
Equally for B we have
B = 1
N
N
k=1
(RMγ5RMηk,RMγ5RMηk) =
1
N
N
k=1
(R∗M )ab(γ∗5)bc(R∗M )cd(η∗k)dRaeMγ
ef
5 R
fg
M η
g
k,
(5.17)
and following the same steps as above we obtain
B = 1
N
N
k=1
RbaMγbc5 RdcMRaeMγ
ef
5 R
fg
M (η
∗
k)
dηgk (5.18)
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=
1
N
N
k=1
γcb5 RbaMRaeMγ
ef
5 R
fg
MR
dc
Mδfgδkk (5.19)
= γcb5 RbaMRaeMγ
ef
5 R
fd
MR
dc
M = Tr{γ5R2Mγ5R2M}. (5.20)
Therefore ⟨B⟩ = Tr{γ5R2Mγ5R2M} which is equivalent to ⟨Tr{γ5PMγ5PM}⟩.
Our final expression for the ratio of renormalization constants ZP /ZS is then given by
Z2P
Z2S
=

Tr{γ5R2Mγ5R2M}

Tr{R4M}
 = ⟨A⟩⟨B⟩ . (5.21)
5.2. Details of the implementation
In principle the implementation of the spectral projectors to compute ZP /ZS is com-
pletely analogous to the calculation of the mode number. However there are a few
subtleties that have to be taken into consideration before starting the computation.
First of all, since we are evaluating stochastically the observables, we need to find the
appropriate number of random sources that we need to insert. Fig. 5.1 shows the values
of A and B for different number of stochastic sources. The errors plotted correspond
to statistical errors computed taking into account autocorrelations following the method
described in Ref. [80]. A discussion about the autocorrelations that are observed for
these observables can be found in App. F, together with all the numerical results that
will be discussed in this chapter.
The data suggest that the number of stochastic sources does not influence the central
value of the result, since all the values are compatible among each other. However the
error does decrease when the number of sources is increased, as expected. In particular
adding two sources seems to be worthwhile since the error decreases. Additional sources
do not seem to compensate the cost of the calculation because the error only decreases
quenched β = 2.85
source #
A
76543210
78.5
78
77.5
77
76.5
76
75.5
quenched β = 2.85
source #
B
76543210
37.5
37
36.5
36
35.5
35
34.5
Figure 5.1.: Stochastic observables A and B, used to compute ZP /ZS , for different num-
ber of stochastic sources.
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slightly. Nevertheless we only used one stochastic source for this calculation since the
systematic error, as will be explained below, is the largest uncertainty present in the
calculation.
The next parameter to be tuned before starting the calculation is the threshold pa-
rameter M . In principle ZP /ZS should be scale independent, and therefore we should
obtain the same results for different values of M . However we are affected by the non-
perturbative effects that come from the low energy regime and by lattice artifacts which
complicate the picture. Previously, to compute the mode number, we set M to be in a
range between 50 and 110 MeV, i.e. close to the infrared cut-off, since we were inter-
ested in the low energy part of the spectrum. In this case we need to avoid that region
since we observe very large non-perturbative effects as will be discussed below in more
detail. The window where we expect to observe a plateau to extract ZP /ZS is given by
ΛQCD > M > a
−1, where ΛQCD is the typical QCD scale around few hundreds MeV and
a−1 is the inverse of the lattice spacing which acts as a ultraviolet cut-off.
As an example of the observe deviations one can take for instance Fig. 5.2, although
it will appear in all the calculations presented in this chapter.
The deviation from the plateau behavior is mostly due to lattice artifacts. Thus we
expect that for the finest lattice spacings we would observe a plateau in the mentioned
region.
5.3. Finite volume effects for Nf = 2
In the previous chapter we dedicated a full section to discuss about the finite volume
effects (FVE) that affect the calculation of the mode number. There we concluded that
FVE are exponentially suppressed and directly depend on the value of M . Even in that
case where the chosen window contained values below 150 MeV, the FVE were of the
order of 1% for lattices where L ≥ 2 fm.
In the present case the values of MR where we perform the calculations are much
larger, of around O(1 − 2GeV ), and therefore we expect the finite volume effects to be
even more suppressed.
In Fig. 5.2 a comparison of ZP /ZS for different volumes is shown. This plot confirms
that the finite volumes effects depend on the values ofMR as expected. One can see that
for values of MR > 1.5 GeV all the points fall on top of each other, even for the smallest
volume which corresponds to L = 0.7 fm. For L > 1.3 fm, even values below 500 MeV
seem to perfectly agree showing that FVE are completely negligible for ZP /ZS .
The data in Fig. 5.2 shows that the value of ZP /ZS computed using the RI-MOM
scheme [83] is reached for values around MR = 1.5 GeV. However we still do not observe
a clear plateau at this coarse lattice spacing. This is due to discretization effects, therefore
we expect that a plateau behavior will be recovered when we approach the continuum
limit. This issue will be addressed in more detail in the next section, where ZP /ZS will
be computed for four different lattice spacings. There it will be shown that when we
decrease the lattice spacing a a better plateau behavior is observed.
In conclusion we observe that values of ZP /ZS obtained for MR < 1 GeV are af-
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Figure 5.2.: Comparison of the ration ZP /ZS as a function ofMR for 3 different volumes.
All the points correspond to Nf = 2 at β = 3.9 and aµ = 0.004. The straight
lines give the value of ZP /ZS for β = 3.9 computed in the RI-MOM scheme
[83] and its corresponding error.
fected by large non perturbative effects. In addition a strong deviation from a constant
plateau behavior is encountered. Consequently the error of the calculation of ZP /ZS
from the spectral projectors method will be dominated by systematic effects, such as the
discretization effects.
5.4. Results and comparison for Nf = 2
In this section we report on the results for the ratio of renormalization constants ZP /ZS
for Nf = 2 twisted mass fermions at maximal twist. We computed ZP /ZS for four
different lattice spacings at fixed volume and quark mass. We compare our results with
the ones obtained through two different methods, the RI-MOM scheme [83] and the X-
space scheme [97] in order to confirm that spectral projectors offers an affordable new
procedure to compute ZP /ZS . However, the large systematic effects that are involved
in the calculation, especially for coarse lattice spacings, prevent us from presenting this
method as a realistic alternative to other established methods like RI-MOM.
Fig. 5.3 shows the results for Nf = 2 at four different lattice spacings for a fixed volume
around L ≈ 1.4 fm. It has been shown, in the previous section, that the finite volume
effects at the range of MR where A and B were evaluated are negligible even for this
small volume. Therefore conclusions obtained here can be applied to infinite volume.
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Figure 5.3.: Results of ZP /ZS as a function ofMR using spectral projectors. The straight
lines correspond to the value at MR = 1500 MeV and the shaded band to
the spread of the results in the range MR = [1000− 2000] MeV. The values
to the right of the vertical line correspond to the RI-MOM computation for
β = 3.9, 4.05, 4.2 [83] and X-space calculation for β = 4.35 [97].
As expected, the data show that approaching the continuum limit the dependence of
ZP /ZS with respect to MR becomes flatter and more plateau like given that always MR
is large enough.
In order to extract our final result for ZP /ZS we choose a central value of MR around
MR ≈ 1.5 GeV. This is far enough from the low energy regime where we observe a
strong curvature in ZP /ZS and also sufficiently away from the ultraviolet regime where
also large cut-off effects are expected. In order to take the discretization effects that are
observed into account, we choose a range MR ∈ [1 GeV, 2 GeV] and account for the
spread of the values of ZP /ZS as the systematic error. Following this strategy we obtain
the results illustrated in Tab. 5.1.
In the same table, Tab. 5.1, the corresponding values of ZP /ZS obtained using RI-
MOM or X-space calculations are shown. An overall agreement among all methods can
be observed, showing that spectral projectors is an affordable and correct method to
compute the ratio of renormalization constants ZP /ZS , although it is affected by rather
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β
ZP /ZS ZP /ZS
spectral proj. RI-MOM/X-space
3.9 0.635(1)(23) 0.639(3)
4.05 0.679(2)(12) 0.682(2)
4.2 0.717(2)(5) 0.713(3)
4.35 0.749(2)(2) 0.740(3)
Table 5.1.: Comparison between results of ZP /ZS using spectral projectors and results
obtained from RI-MOM [83] and X-space [97] calculations. The errors quoted
with the results from spectral projectors correspond to, first, statistical and ,
second, systematic (coming from the dependence on MR).
large systematic uncertainties for coarse values of the lattice spacing. Note also that the
RI-MOM scheme values have been extrapolated to the chiral limit, whereas the X-space
and the spectral projectors results have not. However the finite quark mass effects were
found to be small in both schemes, RI-MOM and X-space [82, 83, 97]. Although the
above discussion showed that the spectral projectors method is less precise as the RI-
MOM or X-space methods, it will be very useful when we discuss below the quenched
calculations, since for that setup no results from the RI-MOM or X-space schemes are
available.
Finally, it is important to mention that the computational cost of the spectral pro-
jectors method decreases with increasing values of MR. This is due to the fact that
Eq. (3.35) is, for larger values of MR, better conditioned. As a consequence, the solution
of Eq. (3.35) needs less computational effort and therefore the calculation becomes very
efficient.
5.5. Results of ZP/ZS for quenched ensembles
One of the main goals of this thesis is to compute the topological susceptibility in the
pure gluon theory χ∞ in order to attempt a first test of the Witten-Veneziano formula,
which relates the mass of the η′ meson with χ∞. To this end we generated four ensembles
at four different lattice spacings and at fixed physical volume and quark mass, so that
we can perform a continuum limit extrapolation. In App. D.2 one can find the details of
the generation of the quenched ensembles and the tuning of the parameters involved.
As it was discussed at the beginning of the present chapter, in order to compute
χtop with spectral projectors using twisted mass fermions, one needs to renormalize
with ZP /ZS . In this section we perform the calculation of this ratio of renormalization
constants for the quenched ensembles that we generated with the purpose of computing
χ∞.
Fig. 5.4 shows the results of ZP /ZS for the quenched ensembles at β = 2.37, 2.48, 2.67
and 2.85. On can clearly see how for the lowest value of the lattice spacing which
corresponds to β = 2.85 and at large enough M , the ratio ZP /ZS is independent of the
scale M , as expected since ZP /ZS is a scale and scheme independent quantity. This
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Figure 5.4.: Results of ZP /ZS as a function of r0M for four different β values of quenched
ensembles.
clearly indicate that indeed the cut-off effects are responsible for the strong curvature
at small values of MR and thus the deviation from the scale independent behavior. The
figures suggests that this deviation is suppressed for lattice spacings below a < 0.07 fm.
In Tab. 5.2 the results obtained for ZP /ZS are displayed, together with the parameters
of the quenched ensembles. The central error quoted corresponds to the value of ZP /ZS
computed at r0M ≈ 2. The first error is the statistical error given by the spectral
projectors method where autocorrelations were taken into account. The second error
corresponds to the systematic error introduced in our calculation through the residual
dependence of ZP /ZS onM . In order to give a reliable estimation we consider the spread
β L3 × T r0/a a [fm] ZP /ZS
2.37 203 × 40 3.60 0.139 0.680(1)(27)
2.48 243 × 48 4.23 0.118 0.707(1)(19)
2.67 323 × 64 5.71 0.088 0.752(1)(7)
2.85 403 × 80 7.28 0.069 0.787(1)(3)
Table 5.2.: Results of ZP /ZS using spectral projectors for the quenched ensembles. The
errors quoted correspond to, first, statistical and , second, systematic (coming
from the dependency on MR).
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Figure 5.5.: Results of ZP /ZS as a function of r0M for quenched ensembles. The straight
lines correspond the final result and the shaded areas to the systematic error..
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of the results given in the range r0M = [1.5, 2.5]. In Fig. 5.5 we present the results
individually for each β with the corresponding systematic error given by the shaded area
computed following the strategy explained above.
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6. Computation of the Topological Susceptibility in the dynamical case
The present chapter is devoted to the computation of the topological susceptibility χtop
in the case when the quarks appear as dynamical degrees of freedom. In this particular
scenario, chiral perturbation theory predicts a suppression of the topological character
when the chiral limit is approached. Moreover it relates the slope of the linear quark mass
dependence of the topological susceptibility with the chiral condensate in the chiral limit.
Consequently the study of the quark mass dependence of χtop is of high importance, but,
as we will see, it also represents a challenge for lattice QCD calculations.
The use of (sufficiently many) density chains leads to a well defined expression of χtop
which is free of divergences and hence a correct continuum limit can be carried through.
This definition can also be applied to non-chiral fermions. This fact, together with the
usage of the spectral projectors method provides a conceptually clean computation of
χtop with a reasonable computational cost.
This chapter is organized as follows, we first present the theoretical representation
of the topological susceptibility and immediately after the equivalent expression using
spectral projectors. We then report on the subtleties appearing in the implementation
of the spectral projectors. A more important point will be the crucial role that autocor-
relations play in the study of this quantity. Before presenting our results we perform a
study of the finite volume effects and finally present the chiral behavior of the topological
susceptibility for Nf = 2 and Nf = 2+ 1+ 1 where one and three different values of the
lattice spacing were used respectively. In both cases we compute the chiral condensate
from the quark mass behavior of χtop and compare the value of the condensate with
our determination presented in previous chapter. We anticipate already here that both
determinations are compatible, as expected.
6.1. Definition of Topological susceptibility
The topological fluctuations of the gauge fields are responsible for relevant low energy
properties of QCD such as the breaking of the UA(1) symmetry and the unexpected large
mass of the η′ meson. The quantity most directly related to the fluctuations of the gauge
fields is the topological susceptibility, which in the continuum is defined as follows
χtop =

d4x ⟨q(x)q(0)⟩ . (6.1)
The topological charge density q(x) in QCD is given by
q(x) =
1
32π2
ϵµνλσtrFµνFλσ, (6.2)
where ϵµνλσ is the totally antisymmetric Levy-Civita tensor and Fµν is the field strength
tensor.
Direct computations of Eq. (6.1) have been carried out in pure lattice gauge theories
since the eighties. Some important early steps were done in Refs. [98, 99, 100, 101, 102,
103].
Serious problems remained until now: the proper renormalization of the field theoretic
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gluonic definition, the critical dependence of the homotopy based topological charge defi-
nitions on lattice artifacts as well as the uncontrollable application of smearing or cooling
techniques. Moreover, this definition is affected by non-integrable short distance singu-
larities which make the expression ill-defined unless an explicit subtraction prescription
is applied.
There is a natural definition of the topological susceptibility on the lattice given by
the index theorem, which was already introduced in Sec. 2.5, and which relates the zero
modes of the Dirac operator, with positive and negative chirality, with the topological
charge. The establishment of the index theorem on the lattice appears naturally if
a formulation which respects a lattice chiral symmetry is applied. Unfortunately for
such formulations the cost of the simulations increase enormously and this approach is,
therefore, in practice, only applicable to very small lattices.
For this reason several lattice definitions have been proposed over the years 1, including
the direct discretization of the continuum formula as explained above. Unfortunately,
all the computationally affordable suggested definitions have led to problems and it re-
mained unclear whether they lead to the correct continuum limit. Recently, however, a
substantial progress has been made which provided the necessary tools to perform the
theoretically clean calculation that will be presented in this chapter.
Initially it was shown that the topological susceptibility, constructed from density
chains of 3 or more quark degenerate flavors, is at most logarithmically divergent, i.e.
any power divergent subtraction was no longer needed [105]. This proof was based on
anomalous flavor singlet Ward identities using Ginsparg-Wilson fermions, and it extended
a previous study [18, 19] to full QCD with dynamical quarks.
Based on this work, as another step forward, a lattice representation of the topological
susceptibility which is free of short distance singularities and remains well defined in
the continuum limit was proposed in Ref. [106]. Using Ginsparg-Wilson fermions, the
following identity can be established:
Tr{γ5f(D)} = {f(0)}Q, (6.3)
where f(λ) is any bounded function on the spectral circle which characterizes the spec-
trum of the Dirac operator which satisfies the Ginsparg-Wilson relation. In Eq. (6.3) Q
represents the topological charge.
Using Eq. (6.3), different definitions of the topological charge can be obtained. In
particular the left-hand side of Eq. (6.3) can be given by
Trγ5f(D) = Tr{γ5D−1m1 . . . D−1mn}, (6.4)
which resembles the form of the spectral sums which were introduced in Chap. 3. How-
ever in this case Eq. (6.4) depends on the massive Dirac operator Dm itself instead of
its hermitian counterpart D†mDm. After few simple steps of algebra, one can see that
1For a comparison of different definitions of the topological charge we refer to Ref. [104].
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Eq. (6.4) is directly related to 2
a4n

x1,...,xn
⟨Pn1(x1)S12(x2)S13(x3) . . . Sn−1 n(xn)⟩ . (6.5)
The topological susceptibility based on the definition of the topological charge given
by the choice f(D) = D−1m1 . . . D
−1
mn , would take then the following form
χtop =m1 . . .ms × a4s−4

x1...xs−1
⟨Pr1(x1)S12(x2) . . . Sr−1r(xr) (6.6)
×Psr+1(xr+1)Sr+1r+2(xr+2) . . . Ss−1s(0)⟩ .
In Eq. (6.6) r, s are in the range 1 ≤ r < s ≤ Nf and Nf indicates the number of flavors.
It can be shown that, with Nf being at least equal or larger than five, the definition
of Eq. (6.6) is divergence free. Notice that the masses arise from the f(0) terms which
appear on the right hand side of Eq. (6.3).
Thus we are led to an unambiguous definition [106] of the topological susceptibility in
the continuum which, for five flavors, takes the following form:
χtop = m1 . . .m5

d4x1 . . . d
4x4 ⟨P31(x1)S12(x2)S23(x3)P54(x4)S45(0)⟩ . (6.7)
This represents a breakthrough in the study of the topological susceptibility, since for
the first time a finite representation could be provided when the cut-off is removed.
This representation can be extended to Wilson-like fermions which are computationally
much less demanding than, for instance, the overlap, which respects chiral symmetry. As
it will be explained below, in practice, the topological susceptibility will be evaluated
through the spectral projectors [107], and therefore the direct computation of the zero
modes is avoided. In this way, computations on large lattices become feasible, allowing
to study systematic effects of the lattice calculation.
Integrability of the topological susceptibility
The number of flavors plays a crucial role in the renormalizability of observables based on
density chains. We already discussed this observation for the mode number in Sec. 3.1.3
when we studied its renormalizability. In the case of the topological susceptibility given
by Eq. (6.7) an analogous study can be performed which leads to the conclusion that, in
order to guarantee the renormalizability of χtop, at least 5 flavors need to be inserted.
The integrability of density chains directly depends on the short distance singularities
that appear when two or more operators are placed at the same space-time point.
The study of the integrability of χtop is analogous to the case of the mode number with
one important difference; χtop is constructed using two closed density chains instead of
2More details about this and other relations given in the current and further sections can be found in
App. G.1
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a single one. This is an important fact since each of the density chains represents the
topological charge, whose square defines the topological susceptibility.
If the operator product expansion is applied, one can again see that the highest power
divergence corresponds to the case where all operators are scaled to zero distance. The
reason is that, in this specific case, a mixing with the identity in flavor space occurs. If
we have 5 flavors the divergence goes like |x|−15, since the final product of pseudoscalar
densities, each of which corresponds to a different density chain, are singlet flavor in-
dependent, and therefore mix with the identity. Since we have an integration over 16
variables, power counting ensures the integrability for this case. However, if we have only
four flavors, the corresponding divergence goes as |x|−12 and so does the integral power
which is also 12, therefore our observable is, in that case, logarithmically divergent. Less
than four flavors then leads to power divergences.
Analogous representation of the topological susceptibility
Due to the relation, already introduced, between the spectral projectors, the spectral
sums and the density chain correlation functions, we are interested in a representation
of the topological susceptibility in terms of the hermitian Dirac operator D†mDm. The
left-hand side of Eq. (6.3) will be then given by
Tr{γ5f(D†mDm)} = Tr{γ5(D†mDm)−1 . . . (D†mDm)−1}. (6.8)
This expression can be directly linked to the spectral sums introduced in Chap. 3. In
fact, a few steps of algebra shows that Eq. (6.8) is related to
a4n

x1,...,xn
⟨Sn1(x1)P12(x2)P13(x3) . . . Pn−1 n(xn)⟩ . (6.9)
Notice the differences between Eq. (6.5) and Eq. (6.9), which account for the fact that
the former is a function of Dm and the latter of D
†
mDm.
Eq. (6.8) implies, by definition, the use of an even number of operators in the con-
struction of the topological charges (Eq. (6.9)). As we mentioned above, Eq. (3.8) is a
rational function of Dm and therefore an odd number of operators is valid.
In addition, the application of the twisted mass discretization entails the insertion of
doublets in the definition of the topological susceptibility. For an even number of densities
in both closed density chains, i.e. topological charges, this leads to a straightforward and
completely analogous expression
σ2;1(µ) = a
20

x1...x5

S+41(x1)P
−
12(x2)P
+
23(x3)P
−
34(x4)S
+
56(x5)P
−
65(0)

, (6.10)
which is a representation of the topological susceptibility related to the following spectral
sum
σk;l(µ) =

Tr{γ5(D†D + µ2)−k}Tr{γ5(D†D + µ2)−l}

(6.11)
and therefore allow us to evaluate it using spectral projectors.
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We can then conclude that, in order to fulfill all the requirements mentioned above,
we need to apply the following representation of the topological susceptibility
χtop =µ1 . . . µ6

d4x1 . . . d
4x5

S+2k 1(x1)P
−
12(x2)P
+
23(x3) . . . P
+
2k−1 2k(x2k) (6.12)
S+2k+2l 2k+1(x2k+1)P
−
2k+1 2k+2(x2k+2) . . . P
+
2k+2l−1 2k+2l(0)

where 2k, 2l correspond to the number of operators of each closed chain, i.e. each topo-
logical charge, respectively. The sign of the charge has to be alternated in order to
guarantee that the chains are individually closed in flavor space as it was explained in
Chap.4.
The integrability conditions apply in exactly the same way in this new representation,
therefore, and since we always have an even number of densities, we need to insert at
least six flavors to the theory to guarantee that Eq. (6.12) is free of divergences and well
defined in the continuum.
Moreover it can be shown that the topological susceptibility defined in this way scales
with O(a2) towards the continuum limit. The reason is that the contact terms, that
arise in the Symanzik expansion due to the short distance singularities, vanish in the
continuum if we use the twisted mass formulation at maximal twist, as it is our case. All
the details of this calculation can be found in App. G.1.
In contrast with the mode number, however, which was found to be renormalization
group invariant, we have to carefully study the corresponding renormalization factors.
Notice that this definition can be overtaken to different kinds of lattice regularization,
e.g. Wilson or twisted mass fermions which do not obey a lattice chiral symmetry. This
has direct implications in the renormalization of χtop, since, for instance, the ratio of
renormalization constants ZP /ZS is not equal to unity any longer.
The renormalization of all the components which appear in Eq. (6.12) is well known. It
is then straightforward to compute the renormalization factor of χtop given by Eq.(6.12)
for an arbitrary number of operators.
χtop,R =
Z2SZ
2k−2
P
Z2kP
χtop =
Z2S
Z2P
χtop. (6.13)
We can then conclude that the Z
2
S
Z2P
renormalizes this representation of the topological
susceptibility for a generic number 2k of operators which constitute both chains.
6.2. Topological susceptibility with spectral projectors
In the previous section a representation of the topological susceptibility that is free of
short distance singularities has been introduced. A practical and a completely analogous
way to compute the topological susceptibility is given by spectral projectors which leads
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to the following definition of the topological susceptibility χtop [107]
χtop =
Z2S
Z2P
1
V

Tr{γ5R2M}Tr{γ5R2M}

(6.14)
where RM is the rational approximation of the orthogonal projector PM , introduced in
detail in Sec. 3.2, and (ZS/ZP )2 is the renormalization factor whose origin was explained
in the previous section.
As explained in Ref. [107], the choice of RM can be any arbitrary rational function
of D†tmDtm which is equal to one below the threshold parameter M2 and decays rapidly
enough above M2, where M correspond to the spectral threshold parameter previously
introduced.
Notice that Eq. (6.14) is analogous to the index theorem, since it implies the compu-
tation of the zero modes of the hermitian Dirac operator. We already discussed in detail
that the projector PM , or equivalently RM , is a very efficient way to count eigenmodes.
In this case, due to the γ5 factor which appears in the trace, we are effectively counting
the eigenmodes of γ5 and D†D, which correspond to the zero modes. The reason is
that the only terms that will contribute to the trace are those where γ5ψ ̸= 0, which
correspond to the zero modes where γ5 = ±1.
In practice we compute the following stochastic observables introduced in Ref. [107].
B = 1
N
N
k=1
(RMγ5RMηk, RMγ5RMηk), (6.15)
C = 1
N
N
k=1
(RMηk, γ5RMηk).. (6.16)
Notice that the observable B was already introduced in the previous chapter since it is
one of the components which appeared in the spectral projectors definition of the ratio
of renormalization constants ZP /ZS .
The observables C and B are directly related to the expectation value which appears
on the right-hand side of Eq. (6.14) in the following way

Tr{γ5R2M}Tr{γ5R2M}

=
C2− ⟨B⟩
N
, (6.17)
where N is the number of stochastic sources.
In the following we will call unbiased
C2 to the right hand side of Eq. (6.17) and will
denote it by
C′2. All the expectation values in Eq. (6.17) correspond to the average
over stochastic sources and the average over gauge fields configurations combined in the
order of first averaging over stochastic sources per configuration and then over the gauge
field configurations.
In order to decrease the computational effort required to compute χtop we used the
same set of stochastic sources η1 . . . ηN to compute both C observables involved in
C2.
This introduces a bias that is corrected by the second term of Eq. (6.17). If two separate
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sets of N random sources are used to compute ⟨C1C2⟩ instead, where
C1 = 1
N
N
k=1
(RMηk, γ5RMηk), C2 = 1
N
2N
N+1
(RMηk, γ5RMηk), (6.18)
then Eq. (6.14) would be reduced to
χtop =
Z2S
Z2P
⟨C1C2⟩
V
. (6.19)
The full proof of the statement made above can be found in App. G.3. In addition,
notice that the correction given by ⟨B⟩ /N vanishes for an infinite number of stochastic
sources.
If chiral symmetry is preserved one can apply the definition of the topological suscep-
tibility given by the index theorem which reads as follows
χtop =

Q2

V
, (6.20)
where the topological charge Q is given by the index ν and ZP /ZS = 1. Eq. (6.19)
is analogous to Eq. (6.20) and therefore the observable C is very closely related to the
topological charge. Hence, we expect C to have the very similar properties as Q such as
the autocorrelation time. A difference exists in the fact that Q is by definition an integer
whereas C does not have to be an integer unless chiral symmetry is preserved.
6.2.1. Tuning of parameters
In order to compute the topological susceptibility with spectral projectors, a few param-
eters need to be set. Analogously to Chap.4 the parameters n, ϵ, which are involved in
the construction of the Chebyshev polynomial, define the accuracy of the approximation
given by RM and are taken to be n = 32 and ϵ = 0.01 as suggested in Ref. [59].
The value of the threshold parameterM is chosen to be in the region where the spectral
density is constant as a function ofM . Thus it has to be sufficiently larger than the quark
mass but still not too large to avoid deviations from the constant behavior. In practice
we set the renormalized threshold parameter to MR ≈ 100 MeV in the MS scheme at 2
GeV.
Fig. 6.1 shows the results of the topological susceptibility obtained using different
values of MR. The data shows that the results of χtop are compatible for different values
of MR in the indicated range, although the error increases for large values of MR. This
justifies our choice of MR ≈ 100 MeV.
However, the dependency of our result with the parameters mentioned above is ex-
pected to be very mild. Moreover, as it will become relevant in the next chapter, the
continuum limit extrapolation of χtop should coincide for any chosen value of M .
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Figure 6.1.: Dependence of χtop on the threshold parameter MR in the MS scheme at 2
GeV, for β = 3.9, L = 32, aµ = 0.004. In this example 12 stochastic sources
were used.
6.3. Computation of χtop
As explained in previous sections, the stochastically computed observable C is closely
related to the topological charge. In the large volume regime the distribution of the
topological charge is expected to be a Gaussian [108] centered at zero, and we expect the
same behavior for the distribution of C with correspondingly ⟨C⟩ = 0.
This offers an alternative to compute χtop which should be completely equivalent to
the direct calculation given by the application of Eq. (6.17). This amounts to extract
the value of unbiased
C2 through a fit of our data for histograms of C to a Gaussian
distribution of the form
p(C) = N
σ
√
2π
e
−(C−C¯)2
2σ2 , (6.21)
which corresponds to the width of the distribution given by σ2. In Eq. (6.21)N represents
a normalization factor and C¯ is the mean of the distribution which should also coincide
with the median in a Gaussian distribution.
Moreover the histograms of C allow to control the simulations themselves. By demand-
ing that the histogram is symmetric around C = 0 and that C¯ = 0, we can test whether
the histograms fulfill these conditions and whether correspondingly we have sufficient
statistics to reliably determine the histograms and consequently χtop.
99
6. Computation of the Topological Susceptibility in the dynamical case
6.3.1. Autocorrelations of the topological charge
Lattice simulations are affected by autocorrelations due to the use of the Markov chain
in the Monte Carlo (MC) simulations [109]. Autocorrelations depend on several factors
like the discretization, the algorithm and, especially, the observable under study.
The topological charge is particularly affected by severe autocorrelations when the
continuum limit is approached [110, 111]. This is due to the fact that the transitions
between topological sectors are suppressed, which implies a freezing of the topological
charge in Monte Carlo time. Consequently, in order to study the topological charge and
reliably determine its uncertainty, a particularly long Monte Carlo simulation may be
needed.
In this section, through the study of the stochastic observable C, we give a warning
that the statistics provided by dynamical MC simulations, which are typically available
nowadays, may not be sufficient to sample all the topological sectors adequately. There-
fore a reliable estimation of the topological susceptibility may not be possible and some
unknown systematic errors may affect the results from Monte Carlo simulations.
Being aware of this warning, we will nevertheless give a discussion of our determina-
tion of the topological susceptibility for our setup of twisted mass fermions. Using the
example of a high statistics run, we will show what kind of statistics may be necessary
to reliably determine the topological susceptibility. Barring the difficulty of having too
small statistics in a number of cases, we will confront our results for the topological sus-
ceptibility with predictions of chiral perturbation theory to extract a value for the chiral
condensate. As anticipated above, we will find a consistent value with the one extracted
from the mode number, which indicates that our results for the topological susceptibility
are still reasonable, although the error is most probably underestimated for most of the
ensembles.
Fig. 6.3 shows the histograms of the stochastically computed observable C for three dif-
ferent ensembles: B55.32 (Fig. 6.3.a.), B75.32 (Fig. 6.3.b.) and D15.48 (Fig. 6.3.c.)3. We
present three different ensembles to discuss, on the one hand, how the size of the statistics
used influences the shape of the histograms. On the other hand, we compare different
lattice spacings to achieve a more quantitative understanding of the autocorrelation time
as a function of the lattice spacing.
Let us first compare the results obtained using simulations performed in a similar
physical situation for which the volume and the lattice spacing was kept fixed. The
difference between these simulations is that the statistics of the simulation differs by
a factor of 5. Fig. 6.3.a. and Fig. 6.3.b. correspond to around 20000 and 4000 MC
trajectories, respectively, whereas in both cases a ≈ 0.086 fm and L = 2.5 fm.
Comparing both figures one can clearly see that the histogram which corresponds to
the longer run (Fig. 6.3.a.) is perfectly described by a Gaussian distribution centered at
zero. In contrast, for the short run (Fig. 6.3.b.), the histogram does not show a clear
Gaussian distribution. This leads to the conclusion that in the case of the short run not
all the topological sectors have been covered sufficiently and therefore we expect that an
3All the details of the simulations can be found in App. D.1
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ensemble Ntraj Nmeas
direct fit
⟨C⟩ τint
C′2 C¯ σ2
B55.32 20000 538 -0.06(16) 0.6(1) 10.9(7) 0.02(8) 10.7(5)
B75.32 4000 201 0.04(35) 1.1(3) 11.0(1.0) -0.19(30) 12.5(2.1)
D15.48 4000 163 0.9(1.0) 3.0(1.3) 27.1(3.3) 1.13(53) 29.9(5.8)
Table 6.1.: Comparison of the results obtained through a Gaussian fit and a direct cal-
culation of ⟨C⟩ and unbiased C2. The integrated autocorrelation time τint of
the observable C is also included. N denotes the number of analyzed config-
urations and the number of Monte Carlo trajectories between configurations.
increase in the MC time would give the appropriate Gaussian shape of the distribution
as we have seen in the case of the high statistics run.
In Tab. 6.1 we give the integrated autocorrelation time τint of the observable C to-
gether with the total number of simulated trajectories and the number of configurations
analyzed. Tab. 6.1 also shows the average values of C, the unbiased values of C2, given
by C′2, and the results obtained through a Gaussian fit for the mean and the width σ of
the distribution.
In addition Fig. 6.2.a. and Fig. 6.2.b. represent the MC history of the observable C. In
Fig. 6.2.b. one can graphically observe the autocorrelations that affect the calculation of
this observable. The data show the tendency to remain in the same topological sector for
few consecutive configurations, a phenomena which is directly related to autocorrelation
and topological barriers. On the other hand Fig. 6.2.a. shows random fluctuations around
zero, which correspond to the expected behavior.
The above discussion suggests that the number of independent configurations (≈100)
as we have for the case of B75.32 (Fig. 6.3.b.) is not enough to compute the topological
susceptibility reliably such that we have all the systematics under control. It should be
emphasized that this statement is independent from the method used to compute the
topological susceptibility. Rather, the problem has its origin in the characteristics of the
gauge fields themselves and, of course, in the algorithm used to perform the Monte Carlo
simulations.
In contrast, a MC simulation which consists of ≈ 20000 trajectories, of which ≈ 500 are
independent, for a lattice spacing a = 0.086 fm is certainly enough to reliably compute
the topological susceptibility with an error below 10% using spectral projectors. Unfor-
tunately most of the current lattice simulations of ETMC do not have such high statistics
due to the large computational cost of of dynamical lattice ensemble generation.
Furthermore Fig. 6.3.c. and Fig. 6.2.c. show an example of how autocorrelations can
cause serious problems in the determination of the topological susceptibility. As discussed
above, firstly the histogram is far from showing a Gaussian distribution, with obvious
insufficient statistics in certain bins. Secondly, comparing Fig. 6.2.b. and Fig. 6.2.c,
much enhanced autocorrelations are observed in Fig. 6.2.c.. In fact, the value of τint is
three times larger for D15.48 than for B75.32 as it is shown in Tab. 6.1. Given that
the statistics of both runs are completely comparable, see Tab. 6.1, this implies that for
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Figure 6.2.: MC history of the observable C for β = 1.95 ,aµ = 0.0055 (a.), aµ = 0.0075
(b.) and β = 2.1 at aµ = 0.0015 (c.).
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Figure 6.3.: Histograms of the observable C for β = 1.95 ,aµ = 0.0055 (a.), aµ = 0.0075
(b.) and β = 2.1 at aµ = 0.0015 (c.).
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Ensemble L [fm] Ns Ntraj Nmeas
C′2 r40χtop
b40.16 1.4 12 5430 272 0.6(1) 0.097(16)(1)(3)
b40.20 1.7 6 5280 264 1.5(2) 0.0092(11)(1)(3)
b40.24 2.0 6 9760 454 3.2(4) 0.0096(11)(1)(3)
b40.32 2.7 12 4000 217 8.6(1.3) 0.0082(13)(1)(3)
A40.20 1.7 6 3200 200 2.7(5) 0.0130(22)(5)(4)
A40.24 2.1 6 4000 198 3.7(6) 0.0086(13)(3)(3)
A40.32 1.7 6 1600 190 10.2(1.4) 0.0074(10)(3)(2)
Table 6.2.: Results of χtop and the unbiased C2 for the finite volume effects study for
Nf = 2 and Nf = 2 + 1 + 1 respectively. Ns represents the number of
stochastic sources whereas Nmeas is the number of evaluated configurations
and Ntraj gives the corresponding number of thermalized MC trajectories.
L corresponds to the lattice size. The errors quoted of χtop are statistical,
coming from ZP /ZS and from r0/a respectively.
the case of D15.32 we effectively have less than 40 independent configurations, which
does not allow us to perform any reliable calculation of the topological susceptibility.
Consequently we do not consider the results obtained evaluating this ensemble in our
final conclusions.
6.4. Finite volume effects for Nf = 2 and Nf = 2 + 1 + 1
On the lattice, as previously mentioned, due to the fact that the calculations are restricted
to a finite volume, the study of finite volume effects (FVE) becomes a fundamental aspect
of the study systematic effects.
The finite volume effects of the topological susceptibility are expected to decrease
exponentially with the lattice size L [112]. Therefore for lattices with L > 1 fm, as it is
our case, the FVE are expected to be below the statistical uncertainty.
In the present section we report on the results of finite volume effects (FVE) study
Ensemble L [fm] ⟨A⟩ τint ⟨B⟩ τint ⟨C⟩ τint
b40.16 1.4 5.3(1) 1.9(6) 0.92(4) 2.0(6) -0.19(9) 1.6(5)
b40.20 1.7 14.6(4) 3.5(1.3) 2.6(1) 3.1(1) -0.10(12) 0.9(2)
b40.24 2.0 32.1(2) 1.0(2) 5.72(5) 1.1(2) -0.13(17) 1.5(4)
b40.32 2.7 100.5(5) 1.7(6) 17.8(1) 1.4(4) -0.38(38) 1.5(5)
A40.20 1.7 29.9(6) 2.6(1.0) 5.4(1) 1.9(6) -0.1(2) 1.1(3)
A40.24 2.1 53.8(1.3) 6.7(3.1) 9.8(2) 3.7(1.6) -0.03(21) 0.8(2)
A40.32 2.8 170.5(1.2) 1.8(6) 30.7(2) 1.3(4) 0.2(3) 0.7(2)
Table 6.3.: Results of ⟨A⟩ , ⟨B⟩ and ⟨C⟩ their corresponding values of τint for the finite
volume effects study for Nf = 2 and Nf = 2 + 1 + 1 respectively.
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Figure 6.4.: Finite volume effects of the topological susceptibility for Nf = 2 and Nf =
2 + 1 + 1.
of the topological susceptibility for Nf = 2 and Nf = 2 + 1 + 1. We compute χtop for
different volumes at a fixed lattice spacing. All the results are plotted in Fig. 6.4 and the
corresponding numerical values are displayed in Tab. 6.2. Also in Tab. 6.3 the values of
⟨A⟩, ⟨B⟩, ⟨C⟩, necessary to compute χtop, and their corresponding τint are given.
The data does not show any indication of finite volume effects, as we expected. Thus we
conclude that χtop is independent of the volume for L > 1.3 fm. Another confirmation
comes from the fact that Eq. (6.21) describes well the data at least when we have a
sufficiently large statistics to compute χtop reliably.
As a remark let us mention that, even though the result is compatible within 1.5σ, the
smaller volume considered for Nf = 2 + 1 + 1 seems to be slightly large. However, this
result does not affect our calculations since all the analyzed ensembles of Nf = 2+1+ 1
correspond to L ≥ 2 fm.
6.5. Chiral behavior of χtop
The main goal of this chapter is to study the chiral behavior of the topological suscepti-
bility in the dynamical case, which is presented here for one lattice spacing in the Nf = 2
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case and for three different values of a in the Nf = 2 + 1 + 1 case.
6.5.1. χtop in chiral perturbation theory
The chiral behavior of the topological susceptibility was first derived by Leutwyler and
Smilga at LO of χPT [61] and takes the form
χtop =
Σ
m−1u +m−1d
for Nf = 2, χtop =
Σ
m−1u +m−1d +m
−1
s
for Nf = 3. (6.22)
This formula implies that the topological susceptibility is suppressed for vanishing
quark mass due to internal quark loops. Furthermore, it provides an alternative way to
extract the chiral condensate in the chiral limit.
More recently, a NLO formula has been provided in Ref. [113], which includes other
low energy constants such as Fπ, L6, L7 and L8. This formula for Nf = 2 reads as
follows
χtop =Σ

1
mu
+
1
md
−1 
1− 3
2F 2π
M2π
16π2
ln
M2π
µ2sub
(6.23)
+K6(mu +md) + 2(2K7 +K8)
mumd
mu +md

.
In Ref. [113] it was also proposed to add non-degenerate strange and charm quarks
at tree-level to Eq. (6.23). However, in this work we will concentrate only on the small
quark mass dependence of the topological susceptibility.
6.5.2. Results for Nf = 2
In this section we present the results of the topological susceptibility for three different
quark masses at fixed lattice spacing a ≈ 0.086 for Nf = 2 degenerate twisted mass
fermions at maximal twist.
Fig. 6.5 shows the chiral behavior of χtop and the fit to LO of χPT. In Tab. 6.4
the results of the stochastic observables A, B and C and their corresponding integrated
autocorrelation time τint are displayed. Tab. 6.5 shows the details of the calculation and
also includes the results of χtop and the unbiased C2. The data shows the suppression of
the topological susceptibility that is predicted in χPT. If we apply Eq. (6.22) for Nf = 2
and fit the data we obtain the following result for the chiral condensate
r0Σ
1/3 = 0.650(22) (6.24)
which would correspond to Σ1/3 = 267(9) MeV if we use r0 = 0.48 [86]. This result is
perfectly compatible with the values of the chiral condensate showed in Tab. 4.7 and to
our previous determination presented in Chap.4. Note that this result is obtained at a
fixed lattice spacing, whereas our results presented in Chap.4 were extrapolated to the
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Figure 6.5.: Chiral behavior of the topological susceptibility for Nf = 2. The straight
line corresponds to a LO fit of χPT.
Ensemble ⟨A⟩ τint ⟨B⟩ τint ⟨C⟩ τint
b40.32 100.5(5) 1.7(6) 17.8(1) 1.4(4) -0.38(38) 1.5(5)
b64.24 30.9(3) 1.0(3) 5.39(7) 1.2(4) -0.02(27) 1.8(6)
b85.24 29.3(24) 0.6(1) 5.03(6) 0.8(2) 0.46(29) 1.4(5)
Table 6.4.: Results of ⟨A⟩ , ⟨B⟩ and ⟨C⟩ their corresponding values of τint for different
quark masses for Nf = 2.
Ensemble µR Ns Ntraj Nmeas
C′2 r40χtop
b40.32 21 12 4000 217 8.6(1.3) 0.0082(13)(1)(2)
b64.24 34 6 4740 219 3.5(6) 0.0106(17)(1)(2)
b85.24 45 6 3640 160 3.9(9) 0.0118(25)(1)(2)
Table 6.5.: Results of χtop and the unbiased C2 for different quark masses for Nf = 2.
Ns represents the number of stochastic sources whereas Nmeas is the num-
ber of evaluated configurations and Ntraj gives the corresponding number of
thermalized MC trajectories. The errors quoted correspond to the statistical
error, the error of ZP /ZS and the error coming from r0/a respectively.
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continuum limit. Moreover, it is important to notice that the values of the largest quark
masses used in the fit are large in the range of applicability of χPT recently suggested
[114]. Therefore it maybe questionable, whether the data at these large quark masses
can indeed be used in the fit.
We introduced in the last section a NLO χPT formula of the topological susceptibility
and its quark mass dependence (Eq.6.23). Our data, however, is not sensitive to the
NLO corrections due to the large uncertainty obtained for the topological susceptibility
(≈ 20%). We estimate that in order to give a conclusive result for the NLO effects the
precision of the data should be below 10% which would correspond to an extension of
the current MC history available for the dynamical simulations of at least 4 times.
6.5.3. Results for Nf = 2 + 1 + 1
In this section we present the main results of this chapter which consists of a study of the
chiral behavior of the topological susceptibility for Nf = 2+1+1 dynamical twisted mass
fermions at maximal twist. We perform the calculation of χtop for several quark masses
at three different lattice spacings which allow us to, firstly study the lattice artifacts
present in the results, and secondly compute the chiral condensate in the continuum
limit.
Tab. 6.6 shows the results of the stochastically computed observables A, B and C and
their corresponding values of the integrated autocorrelation time τint. The results of the
topological susceptibility for each ensemble are displayed in Tab. 6.7 together with the
most relevant information of the calculation such as the number of stochastic sources, or
the number of analyzed configurations.
In order to study the suppression of the topological susceptibility when the chiral limit
is approached we first present the results for each individual β in Fig. 6.6. There we can
see how for β = 1.90 and even more clearly for β = 2.1 the topological susceptibility
tends to vanish when the quark mass decreases. In the case of β = 1.95 this behavior is
not so clear. At this point we need to emphasize the conclusion obtained in the previous
section where the histograms were analyzed. There we concluded that, due to the short
MC histories of the dynamical ensembles available, in most cases the topological sectors
are not well sampled and therefore the uncertainty of the calculation can not be precisely
determined.
In particular, the values of ⟨C⟩ which corresponds for the ensembles for the lowest
masses of β = 1.95 the histograms are clearly non-Gaussian which is also signalled by
a non-zero value of ⟨C⟩. Therefore, for these cases, we expect that the errors are being
underestimated.
An interesting result we found is that, for a similar length of the MC history at different
lattice spacings, we do not observe a large difference in the autocorrelation times of C. It
is therefore most likely that the lattice spacings analyzed in this work are still not close
enough to the continuum limit to encounter the topological barriers that were described
in Ref. [111] for Wilson fermions.
Let us now discuss the results of the chiral condensate extracted from the slope of
the topological susceptibility given by a LO formula of χPT which describes the chiral
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Ensemble ⟨A⟩ τint ⟨B⟩ τint ⟨C⟩ τint
A30.32 167.9(2.3) 4.8(2.1) 30.3(4) 3.8(1.5) -0.18(26) 0.5(1)
A40.32 170.5(1.2) 1.8(6) 30.7(2) 1.3(4) 0.25(34) 0.7(2)
A50.32 175.6(1.1) 1.9(7) 31.7(3) 2.2(8) 0.36(31) 0.6(1)
A60.24 54.5(6) 1.6(5) 9.9(1) 1.4(5) -0.26(25) 0.9(3)
A80.24 53.7(4) 1.6(5) 9.7(10) 1.5(5) 0.76(24) 1.0(3)
B25.32 91.9(1.3) 1.7(6) 18.9(2) 1.3(4) -0.57(32) 1.2(3)
B35.32 95.6(9) 2.3(9) 19.5(1) 1.2(4) -0.55(23) 0.6(2)
B55.32 95.6(3) 1.1(2) 19.47(7) 0.9(2) -0.06(16) 0.6(1)
B75.32 92.6(5) 1.4(5) 18.7(1) 1.3(4) 0.04(35) 1.1(3)
B85.24 31.5(2) 0.8(2) 6.52(5) 0.6(1) -0.09(14) 0.7(1)
D20.48 157.1(1.3) 1.5(6) 49.7(4) 1.3(6) -0.42(48) 0.7(2)
D30.48 158.2(0.9) 1.0(4) 50.2(2) 0.6(2) -0.44(64) 0.9(3)
D45.32 29.1(5) 2.3(1.0) 9.4(2) 1.5(6) -0.33(45) 2.1(0.9)
Table 6.6.: Results of ⟨A⟩ , ⟨B⟩ and ⟨C⟩ their corresponding values of τint for Nf =
2+ 1+ 1 at different values of the quark mass and different lattice spacings.
Ensemble Ns Ntraj Nconf
C′2 r40χtop
A30.32 6 4480 223 9.8(1.4) 0.0072(10)(3)(2)
A40.32 6 4000 190 10.2(1.4) 0.0074(10)(3)(2)
A50.32 6 4000 201 11.0(1.7) 0.0081(12)(3)(2)
A60.24 6 1608 163 4.0(6) 0.0092(14)(3)(3)
A80.24 6 1600 201 4.9(7) 0.0114(17)(4)(3)
B25.32 8 4000 199 6.7(1.0) 0.0070(11)(1)(2)
B35.32 8 4000 198 6.4(8) 0.0067(9)(1)(2)
B55.32 6 21560 538 7.7(7) 0.0080(7)(2)(2)
B75.32 8 4000 201 8.7(1.0) 0.0090(10)(2)(3)
B85.24 12 4780 236 3.2(4) 0.0106(14)(2)(3)
D20.48 6 2000 97 7.4(2.0) 0.0041(11)(1)(1)
D30.48 6 2000 101 13.2(4.3) 0.0073(24)(1)(2)
D45.32 6 2320 96 4.4(7) 0.0125(20)(1)(3)
Table 6.7.: Results of χtop and the unbiased C2 for Nf = 2+1+1 at different values of the
quark mass aµ. Ns represents the number of stochastic sources whereas Nmeas
is the number of evaluated configurations and Ntraj gives the corresponding
number of thermalized MC trajectories. The errors quoted correspond to
the statistical error, the error of ZP /ZS and the error coming from r0/a
respectively.
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Figure 6.6.: Plots of the chiral behavior of the topological susceptibility for Nf = 2+1+1
at three different values of the lattice spacing: a = 0.086fm (a.), a = 0.078fm
(b.) and a = 0.061fm (c.) respectively. The straight line corresponds to a
LO fit of χPT.
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Figure 6.7.: Chiral behavior of the topological susceptibility for Nf = 2 + 1 + 1 at three
different β values. The straight lines corresponds to a LO fit of χPT.
dependence of χtop (Eq.6.22 for Nf = 2). In principle χPT is only applicable at low
quark masses [114], for this reason we computed Σ considering only r0µ < 0.7.
Although we do see a tendency of concavity in some cases, which could be due to the
NLO effects, we only apply the LO formula of χPT to extract Σ. The reason is that, due
to the large uncertainties in χtop, we are not sensitive to the NLO effects. In order to
give a quantitative estimate of the NLO corrections we would need to decrease the error
below 10%, which would imply to extend the MC simulation by a factor of at least 4.
The current length of the simulations leads to an error between 15%-25%, as it can be
seen in Tab. 6.6, which does not allow to disentangle the NLO corrections.
In Tab. 6.8 all the results of the chiral condensate for the three different lattice spacing
are presented; Tab. 6.8 also includes the continuum limit extrapolated result. Fig. 6.8
shows the corresponding continuum extrapolation graphically where only the low masses
are included in the fit and plotted in the figure. The continuum limit extrapolated result
of the chiral condensate obtained through the chiral behavior of χtop is
r0Σ
1/3
χ = 0.651(61). (6.25)
In order to show the robustness of our results for the chiral condensate, we performed
the same analysis considering all the quark masses that were available and obtained
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Figure 6.8.: Continuum limit of the chiral condensate r0Σ
1/3
χ extracted from χtop. The
red point corresponds to the continuum limit extrapolation and the straight
line to a linear fit.
r0Σ
1/3
χ = 0.619(58).
Both results are perfectly compatible with the continuum limit results displayed in
Tab. 4.7. The precision of the results for the chiral condensate is directly related to the
uncertainty of χtop and therefore to the length of the simulations. In order to decrease
the error to obtain a more precise determination of χtop a substantial extension of the
dynamical simulations would be required.
This final result shows that the predictions made by χPT which provides the depen-
dence of the topological susceptibility with respect to the quark mass gives a result of
the chiral condensate which is compatible with other determinations obtained through
different methods. This confirms that spectral projectors is a completely valid method
to compute the topological susceptibility, based on a theoretical sound definition with
a well-defined continuum limit and whose computational cost is affordable given the
a
(a/r0)
2 r0Σ
1/3
χ
Σ
1/3
χ
fm [MeV]
0.086 0.036 0.709(18) 291.4(7)
0.078 0.031 0.663(16) 272.9(7)
0.061 0.018 0.695(31) 286.1(13)
0 0 0.651(61) 268(25)
Table 6.8.: Results of the chiral condensate extracted from χtop at three different values
of the lattice spacing including the continuum limit extrapolation.
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current computing power available for large volumes.
Our main conclusion is therefore that if simulations can be performed with sufficiently
large statistics, corresponding to O(500) independent configurations, the spectral pro-
jectors method is very well suited to extract topological properties of gauge field con-
figurations. Since it can be directly applied to Wilson-like fermions, it could therefore
overcome a long-standing problem in lattice QCD, namely to understand the quark mass
behavior of the topological susceptibility.
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We dedicate this final chapter to attempt a first test of the Witten-Veneziano formula
which relates the topological susceptibility in the pure Yang-Mills theory (χ∞) to the
masses of kaon, η, and especially to the η′ mass.
To do so we computed the topological susceptibility in the continuum limit using
spectral projectors for pure gauge configurations which were generated to match the
physical situation of the dynamical simulations which were used to compute the masses
of the above listed mesons [115].
This chapter is organized as follows, we first present our strategy to generate the pure
gauge configurations and motivate our choice of the simulation parameters used. We
then present a study of the Monte Carlo (MC) history of the topological charge and
their corresponding histograms for a number of lattice spacings. This is followed by
showing the results of χ∞ at fixed lattice spacing and a discussion on the continuum
limit extrapolation. Finally we discuss the Witten-Veneziano formula which is evaluated
using our results for the quenched topological susceptibility and the results for the meson
masses taken from another work which also uses twisted mass fermions at maximal twist
in a matched physical situation.
7.1. Continuum limit of the topological susceptibility
7.1.1. Introduction
In the introductory chapter of this work we already presented the Witten-Veneziano
formula [16, 17] which relates the topological susceptibility in the pure gauge theory to
the unexpected large mass of the η′ meson. For completeness, however, we present here
again the expression, which for SU(3) reads as follows
f2π
2Nf
(m2η +m
2
η′ − 2m2K) = χ∞, (7.1)
where fπ is the pion decay constant.
Our goal is to compute the right-hand side of Eq. (7.1) in order to show that we obtain
a compatible result with the left-hand side of Eq. (7.1) which we compute through the
meson masses provided in Ref. [115].
In order to compute the continuum limit of χ∞ in the pure Yang Mills theory we
generated four ensembles at four different lattice spacings. Since our main goal is to test
the Witten-Veneziano formula, we matched the physical situation given by the ensemble
B55.32 which was used to compute the meson masses [115].
Following this strategy we first generated a 323×64 pure gauge ensemble with β = 2.67
which corresponds to a value of r0/a = 5.71 to match the physical volume of B55.32
which has the same value of r0/a. We kept the quark mass of the ensemble B55.32 at
aµ = 0.0055 as well.
To extend the number of ensembles to different values of the lattice spacing we kept
the physical volume constant by demanding that L ·a is constant. Thus when we increase
the lattice size L we decrease a adequately to keep L = 2.8 fm when we use r0 = 0.5 fm.
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β Volume r0/a a [fm] L [fm] aµ r0µ κ
χ
c
2.37 203 × 40 3.59(2)(3) 0.1393 2.79 0.0087 0.0312 0.158738
2.48 243 × 48 4.28(1)(5) 0.1182 2.83 0.0073 0.0309 0.154928
2.67 323 × 64 5.69(2)(3) 0.0879 2.81 0.0055 0.0314 0.150269
2.85 403 × 80 7.29(7)(1) 0.0686 2.74 0.0043 0.0313 0.147180
Table 7.1.: All relevant parameters of the pure gauge ensembles for β = 2.37, 2.48, 2.67
and 2.85. The errors of r0/a correspond to statistical and systematic uncer-
tainties, respectively.
In order to compute the quark mass we chose the product r0µ ≈ 0.03 to remain constant.
Tab. 7.1 shows all the relevant parameters of the generated ensembles including the
lattice spacing, the quark masses and the volume among others. The details of generation
of the quenched ensembles as well as the strategy to compute r0/a and κ
χ
c and additional
information can be found in App. D.2.
7.1.2. Matching M for the calculation
In principle the value of the spectral threshold MR should not influence the result, since
we expect that the values of the topological susceptibility computed using different values
of MR should coincide in the continuum limit.
However, we chose M⋆ for the ensemble β = 2.67 to match the value that we use for
B55.32 which in that case corresponded to MR = 90 MeV.
Notice that it is very important to keep the value of MR constant for the different en-
sembles in order to perform the continuum limit. Due to the fact that the renormalization
constant ZP for the different quenched ensembles are not available, this task needed a
particular strategy. To this end, we used one property of the mode number which guar-
antees that for equal physical volumes the mode number should remain constant for a
fixed MR:
a1
a2
=

ν1n2
ν2n1

, (7.2)
where ni denotes the number of points in the corresponding lattice, ai the lattice spacing
and νi the mode number [59]. This property allows us then to compute the values of M⋆
for the different quenched ensembles which lead to equal values of MR.
β a [fm] M2⋆ ν
2.37 0.139 0.000102 79.4(2)
2.48 0.118 0.000068 78.7(2)
2.67 0.088 0.000036 78.5(3)
2.85 0.069 0.000025 78.1(4)
Table 7.2.: Values of M⋆ and their corresponding ν for four quenched ensembles at dif-
ferent lattice spacing and fixed physical volume.
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Figure 7.1.: Monte Carlo histories of the observable C for four quenched ensembles at
β = 2.37 (a.), β = 2.48 (b.), β = 2.67 (c.) and β = 2.85 (d.).
We finally used those value of M⋆ which correspond to the mode number obtained for
β = 2.67. In Tab. 7.2 the values of M2⋆ for the four different ensembles are displayed
and one can confirm that all the results of the mode number are compatible within each
other, as expected. This implies that the value of MR is constant for all the ensembles,
as intended.
7.1.3. Study of autocorrelations of the topological charge
As we have discussed in the previous sections, the topological charge is a quantity severely
affected by autocorrelations towards the continuum limit due to the topological barriers
that appear when the continuum limit is approached.
The quenched approximation gives us an excellent opportunity to study the autocor-
relations of the observable C, since, due to the low computational cost of its simulations,
it allows us to extend the MC history until all the topological sectors have been suffi-
ciently covered. Notice, however, that it has been observed that the autocorrelations are
enhanced when the simulations are purely gluonic [110].
Fig. 7.1 shows the Monte Carlo history of the observable C for four quenched ensembles
at different lattice spacings. There it can be clearly seen that when the lattice spacing
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Figure 7.2.: Histograms of the observable C for four quenched ensembles at β = 2.37
(a.), β = 2.48 (b.), β = 2.67 (c.) and β = 2.85 (d.).
is decreased, and therefore the continuum limit is approached, the autocorrelation in-
creases. In Fig. 7.1.d, which corresponds to the finest lattice spacing (β = 2.85), large
autocorrelations are clearly visible indicating that a large number of MC trajectories is
needed for such a fine lattice spacing a.
Moreover, since Fig. 7.1 shows the length of the MC histories, one can compare the
order of magnitud of the length of the dynamical simulations introduced in the previous
chapter and conclude that in the quenched approximation the length of the MC simu-
lation has to be at least 10 times larger than in the dynamical case in order to obtain
an O(100) independent measurements for comparable values of the lattice spacing. This
supports the conclusion of previous studies which showed that the autocorrelation in the
dynamical case is largely suppressed by the fermionic determinant [110]. However, as it
was mentioned above, in the case of dynamical simulations the high computational cost
prevents to extend the statistics to a desirable length.
In Fig. 7.2 one can find the histograms of the stochastic observable C, which is closely
related to the topological charge, for all the quenched ensembles at 4 different values
of the lattice spacing a. In all cases we are able to construct a histogram compatible
with a Gaussian distribution. However, even though the ensemble at β = 2.85 has four
119
7. Computation of the Topological Susceptibility in the pure Yang-Mills theory
β ⟨A⟩ τint ⟨B⟩ τint ⟨C⟩ τint
2.37 79.4(2) 0.5(1) 17.51(5) 0.5(1) 0.19(19) 0.5(1)
2.48 78.7(2) 0.5(1) 22.00(8) 0.5(1) 0.29(32) 0.4(1)
2.67 78.5(3) 0.5(1) 29.4(2) 0.5(1) -0.61(64) 0.7(2)
2.85 78.1(4) 0.5(1) 36.5(2) 0.4(1) 0.93(0.93) 0.8(3)
Table 7.3.: Results of ⟨A⟩ , ⟨B⟩ and ⟨C⟩ their corresponding values of τint for quenched
ensembles at four different lattice spacings.
times more MC trajectories than, for instance, β = 2.48, the corresponding histogram
(Fig. 7.2.d) suggests that it is possibly lacking statistics since it is not completely sym-
metric. Due to the especially large autocorrelation that affects this ensemble as we
already observed in the corresponding MC history (Fig. 7.1.d), it can be that O(400000)
trajectories is still not enough to sample reliably all topological sectors. This implies
that for β = 2.85 we could be underestimating the error.
7.1.4. Continuum limit of χ∞
We have computed the topological susceptibility in the pure gluon theory using spectral
projectors for four different lattice spacings. In Tab. 7.3 the results for the observables
A, B and C with their corresponding integrated autocorrelation time τint are shown.
As it can be seen in Tab. 7.3, the topological susceptibility has been evaluated only in
independent configurations where τint < 1 for C.
All additional information is displayed in Tab. 7.4, which includes the results of χ∞ for
each ensemble together with the number of independent measurements and the length
of each simulation. In this table the increase of the autocorrelation time when the
continuum limit is approached can clearly be observed.
In App. G.2 we show that the topological susceptibility approaches the continuum limit
with a rate of O(a2). This demonstration makes use of the same symmetry arguments
that are used to prove automatic O(a) improvement for twisted mass fermions at maximal
twist. In particular, all the contact terms of O(a), which arise in the Symanzik expansion
due to short distance singularities, do not contribute because, by construction, they are
R15 odd and therefore vanish in the continuum.
Consequently we have performed a linear extrapolation in (a/r0)2 to extract the con-
tinuum limit. Fig. 7.3 shows the continuum limit extrapolation of the data for the
topological susceptibility which leads to a value of χ∞ of
r40χ∞ = 0.049(6), (7.3)
which corresponds to
χ∞ = (185.3(5.6) MeV)4 (7.4)
for r0 = 0.5. In the next section we comment on this result and compare it with other
lattice determinations and using the experimentally known meson masses and finding a
very good agreement.
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r40χ∞ = 0.049(6)
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Figure 7.3.: Continuum limit extrapolation of χ∞ as a function of (a/r0)2 for quenched
ensembles.
β Ns Ntraj Nmeas
C′2 r40χtop
2.37 6 78000 769 25.9(1.3) 0.025(14)(22)(8)
2.48 6 98000 412 32.8(2.4) 0.0295(24)(16)(8)
2.67 6 132000 157 47.5(5.1) 0.0376(45)(7)(8)
2.85 6 380000 119 60.9(7.9) 0.0485(70)(4)(18)
Table 7.4.: Results of χtop for the continuum limit in the pure gauge theory. Ns represents
the number of stochastic sources whereas Nmeas is the number of evaluated
configurations and Ntraj gives the corresponding number of thermalized MC
trajectories. The errors quoted of χtop are statistical, coming from ZP /ZS
and from r0/a respectively.
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7.2. Witten-Veneziano formula
One of the main goals of this chapter was to attempt a first test of the continuum limit
scaling behavior of the topological susceptibility in the Yang-Mills theory and to find a
continuum limit value of the topological susceptibility in order to test the Veneziano-
Witten relation.
The results of the meson masses presented in Ref. [115], which are needed for such
a test, were computed using twisted mass ensembles at maximal twist whose physical
situation we aimed to match in quenched simulations. Thus if we compute the left-hand
side of Eq. (7.1) using the value of the masses given in Ref. [115] for the ensemble B55.32,
we can directly test the Witten-Veneziano relation.
Tab. 7.5 shows the needed meson masses in lattice units and the result of the left-
hand side of Witten-Veneziano formula obtained with these masses. It also includes our
continuum limit extrapolation of the topological susceptibility given in Eq. (7.3). If we
compare both results we find a very good agreement.
amη amη′ amK afπ r40χ∞0.249(14) 0.60(10) 0.22799(34) 0.0365
r40
f2π
2Nf

m2η +m
2
η′ − 2m2K

= 0.044(4) 0.049(6)
Table 7.5.: Lattice results of the meson masses and the corresponding left-hand side
of the Witten-Veneciano formula. χ∞ is the topological susceptibility in the
pure gauge theory computed using spectral projectors.
Moreover if we directly compute the left-hand side of Eq. (7.1) using the experimental
results [116] for the meson masses and the pion decay constant and compare it with our
result given in Eq. (7.4) we again find a very good agreement as it can be seen in Tab. 7.6
amη amη′ amK afπ χ∞547.85(2) 957.78(6) 497.61(2) 92.4
f2π
2Nf

m2η +m
2
η′ − 2m2K

= (180 MeV)4 (185(6) MeV)4
Table 7.6.: Experimental results of the meson masses and the corresponding left-hand
side of the Witten-Veneciano formula. χ∞ is the topological susceptibility in
the pure gauge theory computed using spectral projectors. All the values are
in MeV in the MS scheme at 2 GeV
On the lattice there are several results available of χ∞ which can be directly compared
with our finding. Using the index theorem and a formulation which respects chiral
symmetry, in Ref.[112] a value of χ∞ = 191(5)MeV is found using r0FK to set the scale.
If we use r0 = 0.5, as we do to convert our result to MeV, then χ∞ = 194.5(2.4). Using
spectral projectors, a value of χ∞ = 196.5(5.1) is found in Ref.[107]. Both results are
compatible with our determination.
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We can then conclude that our result supports the mechanism, expressed in the Witten-
Veneziano relation, that the unexpectedly large mass of the η′ meson is directly related
to the chiral anomaly and therefore to the topological properties of the underlying gluon
field configurations.
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Conclusions
This dissertation has addressed conceptual questions related to spontaneous chiral sym-
metry breaking and topology in quantum chromodynamics, our theory of the strong
interaction.
The basic tool for our investigation has been lattice QCD. In particular, we made use
of the recently introduced spectral projector method [59] which offers a new approach
to the study of observables related to chiral symmetry breaking and topology. The
bridge to these questions is that the spectral projector method allows us to compute
the low lying spectrum of the Dirac operator, which is directly linked via the Banks-
Casher relation to the chiral condensate and through the zeromodes to the topological
susceptibility. A major advantage of the spectral projector method is that it allows
us to compute the spectrum in an affordable and efficient way. As a main result of
our computations, we have performed a calculation of the chiral condensate, the order
parameter of chiral symmetry breaking. In addition, we have studied the chiral behavior
of the topological susceptibility, through which we obtained an alternative determination
of the chiral condensate. Finally, we successfully performed a first test of the Witten-
Veneziano relation through the calculation of the topological susceptibility in the pure
gluon theory.
As said above, the Banks-Casher relation links the low lying spectrum of the Dirac
operator with the chiral condensate. Thus, through the study of the spectral density,
or equivalently of the mode number, i.e. the number of eigenvalues below a certain
threshold parameter M , we were able to compute the chiral condensate. It is crucial for
this study that the regime of the threshold parameter M is identified where the mode
number shows a linear behavior in M , corresponding to the region where the spectral
density is constant. One of the main subjects of this thesis has been to clearly identify
this linear regime in order to obtain a reliable determination of the chiral condensate.
Finite volume effects (FVE) are a very important source of systematic errors in lattice
QCD. We have therefore carried out an investigation of the dependence of the chiral
condensate on the volume in order to guarantee that our final results are compatible
with the infinite volume results.
To this end, we studied the FVE for Nf = 2 mass degenerate and Nf = 2 + 1 + 1
flavors twisted mass fermions at maximal twist. We computed Σ at four and three
different volumes respectively. As a result, we found that that the calculations must be
performed on lattices with an extent L ≥ 2 fm in order to guarantee that FVE are
negligible. Since we employ finite volumes that are significantly larger than 2 fm, we can
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conclude that our final result for the chiral condensate are not affected by FVE.
In order to obtain a reliable result for the chiral condensate the additional systematic
errors resulting from discretization effects and from the chiral extrapolation have to
be investigated. To this end we have presented the results of the computation of the
chiral condensate for several quark masses and at three different lattice spacings. This
allowed us to perform a chiral extrapolation guided by the description of the quark mass
dependence of the chiral condensate given by chiral perturbation theory. Once we had
obtained the result for the chiral condensate in the chiral, i.e. massless limit we were able
to perform a continuum limit of chirally extrapolated data. This study was independently
done for Nf = 2 and Nf = 2 + 1 + 1 twisted mass fermions at maximal twist and both
results were discussed and presented in this thesis.
The analysis of the systematic uncertainties of our lattice QCD calculation has been
indispensable to achieve a reliable value for the chiral condensate since they were rather
significant. We concluded that the largest systematic error stems from the uncertainty
in the location of the linear regime of the mode number with respect to the threshold
parameter M . Thus we suggested that in order to improve the accuracy of the chiral
condensate, it would be more effective to compute the mode number at additional values
of M than to increase statistics.
We finally obtained the following continuum limit result for Nf = 2
r0Σ
1/3 = 0.685(16)(32)
Σ1/3 = 281(7)(13) [MeV]
and for the Nf = 2 + 1 + 1 case
r0Σ
1/3 = 0.683(19)(18)
Σ1/3 = 280(8)(7) [MeV]
where in both cases the first error corresponds to a combination in quadrature of the
statistical error, ZP and, if applied, r0 and the second error represents the uncertainty in
the fit range of M . The values quoted in MeV correspond to the MS scheme at 2 GeV.
We compared our final results, which included the statistical and all systematic errors,
with other continuum limit lattice calculations of the chiral condensate, obtaining a very
good agreement.
As an important theoretical part of this thesis, we have proven that the continuum
limit of the chiral condensate defined in terms of density chain correlators, scales like
O(a2), i.e. the automatic O(a) improvement, which characterizes maximally twisted
mass fermions, is not spoiled by the short distance singularities that affect this observable.
We have explicitly computed the contact terms that arise in the Symanzik expansion and
written them in terms of the original density chain through non-singlet Ward-Takahashi
identities which were computed specifically for this proof. This theoretical study of
the short-distance singularities and its connection to the Symanzik expansion of certain
observables, which determines the scaling towards the continuum limit, fills a gap in the
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literature, where this issue had not been discussed so far.
As a second main goal of this thesis we have studied the chiral behavior of the topo-
logical susceptibility χtop for Nf = 2 and Nf = 2+ 1+ 1 flavors of quark. Using density
chains a theoretically clean definition of the topological susceptibility can be given which
is free of short-distance singularities and which leads to the correct continuum limit.
This definition can also be applied to Wilson-type fermions. Employing the spectral
projector method to evaluate the topological susceptibility from this definition, reduces
considerably the computational cost of the calculation and allows for the possibility of
its application to large volumes.
We have computed the topological susceptibility for several values of the quark mass
at three different lattice spacings for Nf = 2 + 1 + 1 flavors of twisted mass fermions
at maximal twist. Chiral perturbation theory predicts the suppression of the topological
susceptibility χtop when the chiral limit is approached. Moreover it relates the quark
mass dependence of the topological susceptibility to the chiral condensate in the chiral
limit. Consequently, through the study of the chiral behavior of χtop, we were able to
extract an alternative determination of the chiral condensate which turned out to be
fully compatible with our previous result using the mode number, although it has larger
uncertainty, as expected.
The calculation of the topological susceptibility presents additional difficulties which
prevent us from reliably estimating the systematic uncertainty. The reason is that we
observed a large autocorrelation of the topological charge in the Monte Carlo simulations.
Thus the transition between topological sectors is suppressed when the continuum limit
is approached, generating the so-called topological barriers.
The stochastic observable C, which enters the calculation of the topological suscep-
tibility and which is closely related to the topological charge, can be used as a very
good monitor to study autocorrelations and examine whether the lattice simulation has
a sufficiently long Monte Carlo history such that quantities, which are related to the
topological charge, can be reliably computed.
It is our observation from the study of the autocorrelation time of the stochastic ob-
servable C that the nowadays typical Monte Carlo histories which involve about 5000
trajectories in MC time, do not cover the topological sectors appropriately. This implies
that the results obtained using the currently accessible ensembles do not allow to reli-
ably estimate the systematic effects which correspond to the incomplete sampling of the
topological sectors.
However, using an ensemble with a substantially larger, about four times, number of
Monte Carlo trajectories, we found that all topological sectors were sampled and the
distribution of the topological charge is reliable, indicated by the fact that the distribu-
tion is symmetric and has a zero mean. Thus, we estimate that the length of the MC
simulation should be around four times larger than the currently employed ones.
Nevertheless, the fact that the chiral condensate obtained through a χPT fit is compat-
ible with our previous estimate implies that the results obtained are reasonable, although,
most probably, the errors have been underestimated. The data was not sensitive to higher
order terms in χPT and therefore only leading order χPT was applied. In addition we
performed a finite volume effect study of the topological susceptibility and found that
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FVE are negligible even for small lattices with an extent L = 1.3 fm, at least for the
statistics we presently have for this quantity.
As a third result, we successfully computed the continuum limit of the topological
susceptibility in the pure gauge theory in order to test the Witten-Veneziano formula.
We generated four gauge ensembles in the quenched approximation at different lattice
spacings in order to perform a continuum limit extrapolation. We aimed to match the
physical situation of the dynamical ensembles which were used to compute the meson
masses, such as the action, the same physical volume and the quark mass.
Due to the low computational cost of the pure gauge field generation, in this case
we were able to overcome the problem of autocorrelations which we had to face in the
dynamical case presented above and we extended the simulations to achieve a sufficient
statistics to reliably estimate the uncertainties of the topological susceptibility.
The renormalization of the topological susceptibility using the representation given
by spectral projectors when a formulation which does not respect chiral symmetry is
applied, as is the case for the twisted mass formulation, implies the use of the ratio
of renormalization constants ZP /ZS . This ratio of renormalization constants can be
obtained again by certain observables calculated by the spectral projector method. We
tested this approach in this thesis and applied this method to compute ZP /ZS in the
quenched case.
This allowed us to find a very good agreement between our result for the quenched
topological susceptibility and its relation to the kaon, η and η′ meson masses (computed
on the lattice using twisted mass fermions), as predicted by Witten and Veneziano. We
also included a comparison of the quenched topological susceptibility with the experi-
mentally determined meson masses and again found fully compatible results. Thus, our
results strongly support the mechanism which relates the unexpectedly large mass of the
η′ meson to the topological fluctuations of the gauge field configurations.
In summary, we have successfully applied the spectral projector method to compute
several observables which are directly related to the spontaneous breaking of chiral sym-
metry and topology of QCD. We first presented a precise and reliable continuum deter-
mination of the chiral condensate for Nf = 2 and Nf = 2+ 1+ 1 flavors of twisted mass
fermions at maximal twist. We have shown that our results are in good agreement with
other lattice determinations. In addition we have computed the topological susceptibility
in the dynamical case and extracted a compatible value of the chiral condensate through
the study of its chiral behavior. We finally perform a continuum limit extrapolation
of the topological susceptibility in the pure gluonic theory which allowed us to test the
Witten-Veneziano formula. Our result confirms the validity of this relation.
Thus, we believe that the definition of the chiral condensate and the topological suscep-
tibility through density chains and its practical computation through the mode number
using the method of spectral projectors offers a conceptually clean and practically af-
fordable way to compute these important quantities from lattice QCD calculations.
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APPENDIX A
Notation and Symmetries
A.1. Notation
Pauli matrices
The Pauli matrices σk are given by
σ1 =

0 1
1 0

, σ2 =

0 −i
i 0

, σ3 =

1 0
0 −1

, (A.1)
which satisfy the following relations
{σi, σj} = 2δij , [σi, σj ] = i2ϵijkσk. (A.2)
When we refer to the flavor group we denote the Pauli matrices as τa where a = 1, 2, 3
and we often refer to the identity 1 as τ0. Let us also introduce other variants such as
τ± =
1
2
(τ1 ± iτ2), τ↑ = 1
2
(τ0 + τ3), τ↓ =
1
2
(τ0 − τ3), (A.3)
which correspond to
τ+ =

0 1
0 0

, τ− =

0 0
1 0

, τ↑ =

1 0
0 0

, τ↓ =

0 0
0 1

. (A.4)
When we add additional flavors to the theory we use another representation τab using
two indices ab which correspond to the flavors involved. τab represents then a Nf ×Nf
matrix whose elements are τabij = 1 for ij = ab and 0 otherwise. This corresponds to τ
+
of a subalgebra SU(2) which involves only two flavors a and b.
The matrices τab satisfy the following commutation relations
[τab, τ cd] = {τab, τ cd} = δbcτad. (A.5)
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Let us give an example in SU(3) to clarify the notation. In this particular case we can
construct τ12, τ23 and τ13 which would correspond to
τ12 =
0 1 00 0 0
0 0 0
 , τ23− =
0 0 00 0 1
0 0 0
 , τ13 =
0 0 10 0 0
0 0 0
 , (A.6)
which can also be written as a representation of the subgroup SU(2)
τ12 =

0 1
0 0

12
, τ23− =

0 1
0 0

23
, τ13 =

0 1
0 0

13
(A.7)
In the case of twisted mass we introduce an extended representation to include the
doublers and we denote as λab. In this case λab is a 2Nf × 2Nf matrix acting in flavor
space.
Dirac matrices
We use the chiral representation of the Dirac matrices which is given by
γµ =

0 eµ
e†µ 0

, (A.8)
where eµ are the 2× 2 matrices e0 = −1 and ek = −iσk.
The Dirac matrices satisfy
γµ = γ
†
µ = γ
−1
µ , {γµ, γν} = 2δµν . (A.9)
Furthermore we can define
γ5 = γ0γ1γ2γ3 or more explicitly γ5 =

1 0
0 −1

, (A.10)
which fulfills the following properties:
γ5 = γ
†
5, γ
2
5 = 1, {γµ, γ5} = 0. (A.11)
We can also define the hermitian matrices σµν = i2 [γµ, γν ] explicitly given by
σ0k =

σk 0
0 −σk

, σij = −ϵijk

σk 0
0 σk

. (A.12)
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Covariant lattice derivatives
The gauge covariant lattice derivative in an infinite lattice acting on a spinor field ψ(x)
is defined as follows
−→∇µψ(x) = 1
a
[U(x, µ)ψ(x+ aµˆ)− ψ(x)], (A.13)
−→∇⋆µψ(x) =
1
a
[ψ(x)− U †(x− aµˆ, µ)ψ(x− aµˆ)]. (A.14)
If it acts on the left side then it is defined as
ψ
←−∇µ = 1
a
[ψ(x+ aµˆ)U †(x, µ)− ψ(x)], (A.15)
ψ
←−∇µ = 1
a
[ψ(x)− ψ(x− aµˆ)U(x− aµˆ, µ)]. (A.16)
The symmetric derivatives that appears in the definition of the Dirac operator take
the following form
1
2
(
−→∇µ +−→∇⋆µ)ψ(x) =
1
2a
[Uµ(x)ψ(x+ µˆ)− U †µ(x− µˆ)ψ(x− µˆ)], (A.17)
ψ(x)
1
2
(
←−∇µ +←−∇⋆µ) =
1
2a
[ψ(x+ µˆ)U †µ(x)− ψ(x− µˆ)Uµ(x− µˆ)]. (A.18)
In the same way we can define the covariant lattice D’Alambert operator
−→∇⋆µ
−→∇µψ(x) = 1
a2
[Uµ(x)ψ(x+ µˆ) + U
†
µ(x− µˆ)ψ(x− µˆ)− 2ψ(x)], (A.19)
←−∇⋆µ
←−∇µψ(x) = 1
a2
[ψ(x+ µˆ)Uµ(x) + ψ(x− µˆ)U †µ(x− µˆ)− 2ψ(x)]. (A.20)
A.2. Symmetries
A.2.1. Discrete Symmetries
Charge Conjugation
Before introducing the charge conjugation symmetry, which transforms particles into
antiparticles, we need to introduce the charge conjugation matrix C
CγµC
−1 = −γ⋆µ, (A.21)
which acts on the Dirac indices. If we use the explicit chiral representation of the gamma
matrices, as previously defined, then we can define C in the following way.
C = iγ0γ2. (A.22)
The charge conjugation matrix obeys C = C−1 = C† = −CT .
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Once the properties of C have been established, the charge conjugation transformation
can be introduced, which is given by
C :
Uµ(n) → Uµ(n)
⋆ = (U †µ)T ,
ψ(n) → C−1ψ(n)T ,
ψ(n) → −ψ(n)TC,
(A.23)
where T means transposition and acts on color and Dirac indices.
Parity and time-reversal transformation
The charge conjugation, as the gauge symmetry or the discrete rotations and translations,
are symmetries of both, the Wilson and the twisted mass action. However the parity
transformations that leave the action invariant differ for both actions.
Wilson fermions
The ordinary Parity P and time reversal T transformations which leave the Wilson action
invariant are, respectively,
P :

Uµ(x0,x) → Uµ(x0,−x)
Uµ(x0,x; k) → U−1µ (x0,−x− akˆ; k), k = 1, 2, 3
ψ(x0,x) → γ0ψ(x0,−x),
ψ(x0,x) → ψ(x0,−x)γ0.
(A.24)
T :

Uµ(x0,x) → Uµ(−x0,x),
Uµ(x0,x; k) → Uµ(−x0,x; k), k = 1, 2, 3
ψ(x0,x) → iγ0γ5ψ(−x0,x),
ψ(x0,x) → ψ(−x0,x)iγ0γ5.
(A.25)
Twisted mass fermions
In the case of the twisted mass Wilson action the ordinary parity is not a symmetry of
the action. In order to find a symmetry, the parity transformation has to be combined
with a rotation in flavor in the following way
P1,2f :

Uµ(x0,x; 0) → Uµ(x0,−x; 0),
Uµ(x0,x; k) → U−1µ (x0,−x− akˆ; k), k = 1, 2, 3
χ(x0,x) → iγ0τ1,2χ(x0,−x),
χ(x0,x) → −χ(x0,−x)iγ0τ1,2,
(A.26)
or it we need in addition a change in the sign of the twisted mass term
P˜ = P × [µ→ −µ]. (A.27)
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Equivalently the time reversal transformations are given by
T 1,2f :

Uµ(x0,x) → U−1µ (−x0 − a,x),
Uµ(x0,x; k) → Uµ(−x0,x; k), k = 1, 2, 3
χ(x0,x) → iγ0γ5τ1,2χ(x0,−x),
χ(x0,x) → −χ(x0,−x)iγ0γ5τ1,2,
(A.28)
or
T˜ = T × [µ→ −µ]. (A.29)
Due to its relation with the automatic O(a) improvement of the twisted mass fermions
at maximal twist, other relevant symmetries are the discrete chiral symmetry R1,25 which
is defined as follows
R1,25 :

χ(x0,x) → iτ1,2γ5χ(x0,x),
χ(x0,x) → iχ(x0,x)γ5τ1,2, (A.30)
and the symmetry D, which basically counts the dimension of an operator
D :

U(x;µ) → U †(−x− aµˆ;µ),
χ(x) → e3iπ/2χ(−x)
χ(x) → chi(−x)e3iπ/2.
(A.31)
The combine symmetry R1,25 ×D × [µ→ −µ] is a symmetry of the action.
The proof of O(a) improvement can also be derived using a twisted parity symmetry
Pπ
2
defined as
Pπ
2
:

Uµ(x0,x; 0) → Uµ(x0,−x; 0),
Uµ(x0,x; k) → U−1µ (x0,−x− akˆ; k), k = 1, 2, 3
χ(x0,x) → γ0(iγ5τ3)χ(x0,−x),
χ(x0,x) → −χ(x0,−x)(iγ5τ3)γ0.
. (A.32)
A.2.2. Hermiticity
Almost all the lattice Dirac operators are γ5 hermitian, i.e. the relation
γ5Dγ5 = D
† (A.33)
is fulfilled by most of them. This property has important consequences, specially in the
Monte Carlo simulations, since the eigenvalues of any γ5-hermitian operator are either
real or come in conjugate pairs, which corresponds to a real determinant. An exception
is, among others, the introduction of a non-zero chemical potential which gives a complex
determinant making imposible the application of the usual techniques of the MC method.
This is known as the sign problem, and a big effort is being put at the moment into solving
it.
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Wilson type fermions
In particular the kernel of the Wilson Dirac operator in the free theory fullfils the following
γ5-hermiticity relation
γ5K
†
W (z, y)γ5 = KW (y, z), (A.34)
The relation between the Wilson kernel and its corresponding propagator SW (x, y) is
given by
KW (x, y)SW (y, z) = δxz, (A.35)
Combining Eq. (A.35) and Eq. (A.34) the γ5-hermiticity relation of the propagator can
be derive
γ5S
†
W (z, y)γ5 = SW (y, z). (A.36)
Twisted mass Wilson type fermions
In the case of the twisted mass Wilson operator, which is directly related to the Wilson
operator with the addition of a twisted mass term in the following way
Ktm(x, y) = KW (x, y) + iµγ5τ
3δxy, (A.37)
the γ5 hermiticity relation slightly differs from the case of Wilson fermions. In this
particular case it is necessary to make explicit the flavor content of the doublets χ, χ
χ =

u
d

, χ = (u, d). (A.38)
Thus we need to explicit write the kernel which corresponds to each flavor
γ5K
†u
tm(x, y)γ5 = K
d
tm(y, x), (A.39)
γ5K
†d
tm(x, y)γ5 = K
u
tm(y, x), (A.40)
since a change of flavor of the kernel is involved in the relation.
Again we apply the relation between the kernel and the propagator to construct the
γ5 hermiticity relation for the propagators,
Kutm(z, y)S
u
tm(y, z) = δxz, K
d
tm(z, y)S
d
tm(y, z) = δxz (A.41)
which is finally given by
γ5S
†u
tm(z, y)γ5 = S
d
tm(y, z), (A.42)
γ5S
†d
tm(z, y)γ5 = S
u
tm(y, z), (A.43)
where, as in the case of the kernel, a change of flavor appears.
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Locality of the overlap operator
Throughout the process that led us to write this work, we studied the locality of the
overlap operator in detail and we would like to briefly summarize our results here.
The overlap operator is not strictly local since it does not fullfil
Dψ(n) =

m
D(n,m)ψ(m) (B.1)
D(n,m) = 0, ∥n−m∥ = ϵ,
where n,m are lattice points. But it can be proven [117] that it is local if a more general
definition of locality is given
∥D(n,m)∥ ≤ C eρˆ∥n−m∥, (B.2)
where the operator is local if the norm decays exponentially with the distance. However
a numerical study where it is shown that the strict locality is recovered in the continuum
limit was missing in the literature.
We start with the definition of the taxi-driver distance, important because we work
with periodic boundary conditions,
∥x∥1,N ≡

µ
min{|xµ| , |N − xµ|}, 0 ≤ xµ < N (B.3)
and the norm of the operator
∥D(n,m)∥ ≡ max
1≤µ≤4
4
ν=1
|D(n,m)µ,ν | (B.4)
Since for the same taxi-driver distance we have different values for ∥D∥ due to the different
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Figure B.1.: Exponential decay of the maximum norm of the overlap Dirac operator at
four different lattice spacings for Nf=2 and fixed volume and quark mass
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Figure B.2.: Continuum limit scaling of the inverse decay rate (1/ρ) for Nf=2 at fixed
volume and quark mass.
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Figure B.3.: Dependence of the decay rate ρ on the value of the s parameter for HYP
and non HYP smeared configurations. This ensemble corresponds to Nf=2
at β = 3.9 and L = 16.
paths that connect two points on the lattice we need to define also the maximum norm
∥D∥max (d) ≡ max∥n−m∥1,N=d ∥D(n−m, 0)∥ (B.5)
which corresponds to the slowest possible decay of ∥D(n,m)∥ in the study of locality.
We perform a continuum limit study of the decay constant defined as
ρˆeff = ln
 ∥D(ni)∥
∥D(ni+1)∥

(B.6)
which is an observable that gives us a good estimation about the exponential behavior of
the norm, since the larger ρ is, the closer we are to the strict locality defined in Eq. (B.1)
and which we should recover in the continuum.
In Figure B.2 we plot the norm and the inverse of the decay constant 1/ρ for four
different values of the lattice spacing. As we can see we recovered the locality in the
continuum limit. For details of the calculation we refer to [54].
Another interesting study is the optimal value of the parameter s that appears in the
definition of the overlap operator given in Eq. (2.52). The data plotted Figure B.3 suggest
that the optimal value depends on the particular setup used to construct the overlap
operator. We see for HYP-smeared configurations the optimal value is s = 0 but for non-
HYP configurations the value of s that gives the best locality is s = 0.4. Therefore we
conclude that in order to simulate the overlap operator on the lattice it is recomendable to
set s = 0, 4 for non-HYP and HYP configurations respectively. Furthermore, in general
we recommend to perform such a locality test to find the optimal value of s.
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APPENDIX C
Notes on O(a) improvement
C.1. Correlator

P 12(x)P 21(0)

at tree-level
C.1.1. Wilson formulation
We start with the inverse of the tree-level propagator in momentum space:
S−1tl (p,m) =
i
a

µ
γµ sin(apµ) +m+
1
a
sin2(
apµ
2
)
= i/p+m+ ap
2 +O(a2)
= (i/p+m− 1
2
am2)(1 + am)(1− 1
2
a(i/p+m)) +O(a2), (C.1)
where the last step is introduced for convenience in the following calculation.
But we are interested in the propagator itself
Stl(p,m) =
1
(i/p+m− 12am2)(1 + am)(1− 12a(i/p+m))
+O(a2)
=
(1− am)(1 + 12a(i/p+m))
(i/p+m− 12am2)(1− a2m2)(1− 14a2(i/p+m)2)
+O(a2)
= (1− am) 1
i/p+m− a2m2
+
a
2
i/p+m+
a
2m
2 − a2m2
i/p+m− a2m2
+O(a2)
= (1− am)SI(p,m⋆) + a
2
+O(a2), (C.2)
where SI is the improved operator and m⋆ = m− a2m2 is the improved mass.
If we write it in coordinate space we see that the contact term only appears at short
distance.
Stl(x, y,m) = (1− am)SI(x, y,m⋆) + a
2
δ(x− y) +O(a2). (C.3)
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We want to construct the correlator

P 12(x)P 21(0)


P 12(x)P 21(0)

= ψ¯(x)γ5τ
+ψ(x)ψ¯(0)γ5τ
−ψ = u¯(x− 0)γ5d(x− 0)d¯(0− x)γ5u(0− x).
(C.4)
After Wick contractions we obtain
Su(x)γ5Sd(−x)γ5 = Su(x)S†d(x) = S(x)S†(x), (C.5)
where we have applied the γ5 hermiticity γ5Sd(x)γ5 = S
†
d(−x) and since we have degen-
erate u and d flavors, both propagators Su and Sd are equivalent.
Starting with the expression
Stl(p,m) = (1−am) 1
i/p+m− a2m2
+
a
2
+O(a2) = (1−am)SI(p,m⋆)+ a
2
+O(a2). (C.6)
We compute the correlator we are interested in
⟨P (x)P (0)⟩ = S(p,m)S†(p,m)
=

(1− am)SI(p,m⋆) + a
2
+O(a2)

×

(1− am)S†I(p,m⋆) +
a
2
+O(a2)

= SI(p,m
⋆)S†I(p,m
⋆) + 2amSI(p,m
⋆)S†I(p,m
⋆)
+
a
2

SI(p,m
⋆) + S†I(p,m
⋆)

+O(a2). (C.7)
The next step is to compute [SI + S
†
I ]. Our starting point is the following expression
SI(p,m⋆) =
1
i/p+m⋆
=
1
iγµ/p+m⋆1
=
iγµ/p−m⋆1
(iγµ/p+m⋆1)(iγµ/p−m⋆1) =
iγµ/p−m⋆1
−p2 +m2
=
iγµ/p
−p2 +m2 +
−m⋆1
−p2 +m2 = Sµγµ + S0γ
0. (C.8)
Sµ =
iγµ/p
−p2 +m2 = −S
†
µ, S0 =
−m⋆1
−p2 +m2 = S
†
0. (C.9)
Therefore
[SI + S
†
I ] = [(Sµ + S0) + (−Sµ + S0)] = 2S0 =
−2m
−p2 +m2 . (C.10)
In the end we obtain the following expression for the full correlator in coordinates
space
⟨P (x)P (0)⟩ = (1− am)SI(x, y,m⋆)S†I(x, y,m⋆) +
a
2
δ(x− y) −2m−p2 +m2 +O(a
2). (C.11)
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
P 12(x)P 21(0)

at tree-level
C.1.2. Twisted Mass formulation
We start again with the inverse of the tree-level propagator in momentum space where
we now have instead of m→ −iµγ5 since we are at maximal twist.
S−1tm (p,m) =
i
a

µ
γµ sin(apµ) +
1
a
sin2(
apµ
2
)− iµγ5 (C.12)
= i/p− iµγ5 + ap2 +O(a2)
= (i/p− iµγ5 + 1
2
aµ2)(1− iaµγ5)(1− 1
2
a(i/p− iµγ5)) +O(a2),
where again we introduce the last step for convenience.
But we are interested in the propagator itself
Stl(p,m) =
1
(i/p− iµγ5 + 12aµ2)(1− iaµγ5)(1− 12a(i/p− iµγ5))
+O(a2)
=
(1− iaµγ5)(1 + 12a(i/p− iµγ5)
(i/p− iµγ5 + 12aµ2)(1− a2µ2)(1− 14a2(i/p− iµγ5)2)
+O(a2)
= (1− iaµγ5) 1
i/p− iµγ5 + a2µ2
+
a
2
i/p− iµγ5 + a2µ2 − a2mu2
i/p− iµγ5 − a2µ2
+O(a2)
= (1− iaµγ5)SI(p, µ⋆) + a
2
+O(a2), (C.13)
where SI is the improved operator. If we write it in the coordinates space we see that
the contact term only appears at short distance.
Stm(x, y,m) = (1− iaµγ5)SI(x, y, µ⋆) + a
2
δ(x− y) +O(a2). (C.14)
We want to construct the correlator

P 12(x)P 21(0)


P 12(x)P 21(0)

= ψ¯(x)γ5τ
+ψ(x)ψ¯(0)γ5τ
−ψ = u¯(x− 0)γ5d(x− 0)d¯(0− x)γ5u(0− x).
(C.15)
After Wick contractions we obtain
Su(x)γ5Sd(−x)γ5 = Su(x)S†u(x) = S(x)S†(x), (C.16)
where we have applied the γ5 hermiticity γ5Sd(x)γ5 = S
†
u(−x).
Starting again with the expression
Stl(p, µ) = (1− iaµγ5) 1
i/p− iµγ5 + a2µ2
+
a
2
+O(a2) = (1− iaµγ5)SI(p, µ) + a
2
+O(a2).
(C.17)
We compute the correlator we are interested in
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⟨P (x)P (0)⟩ = S(p, µ)S†(p, µ) =
=

(1− iaµγ5)SI(p, µ) + a
2
+O(a2)

×

(1 + iaµγ5)S
†
I(p, µ) +
a
2
+O(a2)

= SI(p, µ)S
†
I(p, µ) + iaµγ5SI(p, µ)S
†
I(p, µ)− iaµγ5SI(p, µ)S†I(p, µ)
+
a
2

SI(p, µ) + S
†
I(p, µ)

+O(a2). (C.18)
We finally obtain the following expression
⟨P (x)P (0)⟩ = S(p, µ)S†(p, µ) = SI(p, µ)S†I(p, µ) +
a
2

SI(p, µ) + S
†
I(p, µ)

+O(a2).
(C.19)
The next step is to compute [SI + S
†
I ] to see if this contact term also remains as it
happened in the Wilson case.
SI(p, µ) =
1
i/p+ iµγ5
=
1
iγµ/p+ iµγ5
(C.20)
=
iγµ/p+ iµγ5
(iγµ/p− iµγ5)(iγµ/p+ iµγ5) =
iγµ/p− iµγ5
−p2 − µ2
=
iγµ/p
−p2 − µ2 +
−iµγ5
−p2 − µ2 = Sµγµ + S5γ
5,
Sµ =
iγµ/p
−p2 − µ2 = −S
†
µ, S5 =
−iµγ5
−p2 − µ2 = −S
†
5. (C.21)
Therefore
[SI + S
†
I ] = [(Sµ + S5) + (−Sµ − S5)] = 0. (C.22)
In the end we obtain the following expression for the full correlator in coordinates
space
⟨P (x)P (0)⟩ = SI(x, y, µ)S†I(x, y, µ) +O(a2) (C.23)
We can then conclude that, in the case of maximal twist, our operator is automati-
cally O(a) improved as expected. The contact that appeared in the Wilson formalism,
automatically disappears in the twisted mass formulation at maximal twist.
C.2. QCD Ward-Takahashi Identities
In this section we report on Ward identities for Wilson and twisted mass fermions. Our
main goal is the computation of the non-singlet Ward identities for twisted mass that
are needed for the explicit calculation of the contact terms that arise in the Symanzik
expansion of the mode number among others. However, for pedagogical reasons we
show the whole calculation including the origin of the basic statements which allow to
derivation of the Ward identities. For a deeper understanding on the topic we recommend
the lecture notes [118], based on [72], which we found very helpful and guided us for the
first part of the calculation.
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As we have already seen, the expectation value of an operator O in QCD in terms of
a path integral is given by
⟨O⟩ = 1
Z

D[ψ, ψ¯, Aµ]O[ψ, ψ¯, Aµ]e−S[ψ,ψ¯,Aµ]. (C.24)
The QCD action takes the following form
S =

d4x L[ψ,ψ,Aµ] =

d4x [ψ¯(x)(γµDµ +M)ψ(x) +
1
4g2
F (i)µν (x)F
µν(i)(x)] (C.25)
where Dµ(x) = ∂µ+iAµ(x) and F
(i)
µν = ∂µA
(i)
ν (x)−∂νA(i)µ (x)−cijkA(j)µ (x)A(k)ν (x). In this
particular case we work with two degenerate light fermions and therefore ψ,ψ represent
doublets of fermions and M is a 2 × 2 matrix. In order to give a result as general as
possible, we do not specify the form of the matrix M since it will differ depending on the
chosen formulation, being
MW = m1 =

m 0
0 m

, Mtm = m1+ iµγ5τ
3 =

m+ iµγ5 0
0 m− iµγ5

,
for the Wilson and the twisted mass case respectively.
If we apply a general local infinitesimal transformation α(x) to the fermion fields
ψ(x)→ ψ(x)′ = ψ(x) + δψ(x) = ψ(x) + α(x)ψ(x), (C.26)
ψ¯(x)→ ψ¯(x)′ = ψ¯(x) + δψ¯(x) = ψ¯(x)− ψ¯(x)α(x), (C.27)
the expectation value of our observable O(ψ′, ψ′) should remain invariant, since ψ′ is just
a redefinition of the field. Therefore we can write
Q[ψ′, ψ′]

− Q[ψ,ψ] = 0, (C.28)
Q[ψ,ψ]

+ δ ⟨Q⟩ − Q[ψ,ψ] = 0. (C.29)
(C.30)
This directly implies that
δ ⟨O⟩ =

d4x
δ ⟨O⟩
δα(x)
δα(x) = 0. (C.31)
If we develop Eq. (C.31) we obtain the basic statement on which the Ward-Takahashi
identities are based on
d4x
δ
O[ψ,ψ,Aµ]
δα(x)
δα(x) =

d4x
δ
δα(x)

1
Z

DψDψDAµδe
−S

δα(x) (C.32)
=

d4x

DψDψDAµ
δO[ψ,ψ,Aµ]
δα(x)
δα(x)e−S
145
C. Notes on O(a) improvement
+

d4x

DψDψDAµO[ψ,ψ,Aµ] −δS
δα(x)
δα(x)e−S = 0.
This last equation can be rewritten in the following way
δO
δα(x)

=

O δS
δα(x)

, (C.33)
which constitutes the basic ingredient of the Ward-Takahashi identities.
We can now specify a kind of infinitesimal local transformation we are interested in. In
the present work the applied transformations are the non-singlet axial transformations,
given by
ψ(y)→ ψ(y)′ = ψ(y) + δψ(y) = ψ(y) + iαa(y)τ
a
2
γ5ψ(y) (C.34)
ψ¯(y)→ ψ¯(y)′ = ψ¯(y) + δψ¯(y) = ψ¯(y) + iψ¯(y)αa(y)τ
a
2
γ5, (C.35)
and the non-singlet vector transformations
ψ(y)→ ψ(y)′ = ψ(y) + δψ(y) = ψ(y) + iαa(y)τ
a
2
ψ(y) (C.36)
ψ¯(y)→ ψ¯(y)′ = ψ¯(y) + δψ¯(y) = ψ¯(y)− iψ¯(y)αa(y)τ
a
2
, (C.37)
where τa represent the Pauli matrices acting in flavor space.
In this first part of the calculation we are interested in computing the right-hand
side of Eq. (C.33). To simplify the derivation we apply the axial transformation given
by Eq. (C.34) to the QCD Lagrangian and only comment on the vector case which is
completely analogous. Notice that only the term (γµ∂µ+M) of Eq. (C.25) will be affected
by the transformation.
δS =

d4x
δS
δαa(x)
αa(x) (C.38)
=

d4x

d4y
δ
δαa(x)

(iψ¯(y)αb(y)
τ b
2
γ5)(γµ∂µ +M)(iα
b(y))
τ b
2
γ5ψ(y)

=

d4x

d4y
δ
δαa(x)

iψ¯(y)αb(y)
τ b
2
γ5γµ∂µψ(y) + iψ¯(y)γµ∂µ(α
b(y)
τ b
2
γ5ψ(y))
+ iψ¯(y)αb(y)
τ b
2
γ5Mψ(y) + iψ(y)Mα
b(y)
τ b
2
γ5ψ(y)

αa(x) +O(α2)
δS =

d4x

d4y
δ
δαa(x)

iψ¯(y)αb(y)(
τ b
2
γ5γµ + γµ
τ b
2
γ5)∂µψ(y) (C.39)
+ iψ¯(y)γµ
τ b
2
γ5ψ(y)∂µ(α
b(y)) + iαb(y)ψ¯(y)(
τ b
2
γ5M +M
τ b
2
γ5)ψ(y)

αa(x).
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The first term of Eq. (C.39) vanishes due to the following property
τa
2
γ5γµ + γµ
τa
2
γ5 = 0, [γ5, γµ] = 0.
In the case of the vector transformation we find τ
a
2 γµ − γµ τ
a
2 = 0.
We need to solve the integral that appears in the second term of Eq. (C.39) using
integration by parts:
iψ¯(y)γµ
τ b
2
γ5ψ(y)  
u
∂µ(α
b(y))  
dv
= −

αb(y)∂µ(ψ¯(y)γµ
τ b
2
γ5ψ(y)).
We are thus left with the following expression
δS =

d4x

d4y
δ
δαa(x)
αb(y)

−i∂µ(ψ¯(y)γµ τ
b
2
γ5ψ(y)) (C.40)
+iψ¯(y)

M,
τ b
2

γ5ψ(y)

αa(x)
= −i

d4x

d4y δ4(x− y)

∂µ(ψ¯(y)γµ
τ b
2
γ5ψ(y))− ψ¯(y)

M,
τ b
2

γ5ψ(y)

αa(x).
If we now apply

δ(x− y)f(x)dx = f(y) we obtain
δS = −i

d4x

∂µ(ψ¯(x)γµ
τ b
2
γ5ψ(x))− ψ¯(x)

M,
τ b
2

γ5ψ(x)

αa(x). (C.41)
In particular, we are interested in δSδα(z)
δS
δα(z)
= −i

dx4
δ(f(x)α(x))
δα(z)
δ4(x− z) = f(z). (C.42)
This leads to the final result for the axial case
δS
δαa(x)
= ∂µ(ψ¯(x)γµ
τ b
2
γ5ψ(x))− ψ¯(x)

M,
τ b
2

γ5ψ(x). (C.43)
Equivalently for the vector case we obtain
δS
δαa(x)
= ∂µ(ψ¯(x)γµ
τ b
2
ψ(x))− ψ¯(x)

M,
τ b
2

ψ(x). (C.44)
All the equations introduced above correspond to the basic ingredients for the calcula-
tion of the Ward-identities we are interested in and can be found in specialized text and
lectures [118, 72]. In the next sections we compute some particular non-singlet Ward-
Takahashi identities for the Wilson and for twisted mass action that are relevant for the
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prove of automatic O(a) improvement derived in Sec.4.2.
C.2.1. Wilson formulation
An important theoretical part of this work was to prove that the chiral condensate is
an O(a) improved quantity in the twisted mass formulation at maximal twist. To this
end we first reproduce the results given in [74] which are based on improved Wilson
fermions. For this reason we show in this section the results necessary to reproduced
such calculation which consists on flavored Ward-Takahashi identities for the Wilson
action. In the next section we present the results relevant for our work in the twisted
mass formulation.
In the following we consider the SU(Nf ) flavor group of a partially quenched theory
with Nf valence quarks. In the present section we focus on the Wilson formulation. In
particular we are interested in the flavored axial transformation given by,
ψ(x1)→ ψ(x1)′ = ψ(x1) + iαabA (x1)
τab
2
γ5ψ(x1) (C.45)
ψ¯(x1)→ ψ¯(x1)′ = ψ¯(x1) + iψ¯(x1)αabA (x1)
τab
2
γ5 (C.46)
where τab corresponds to a extended (Nf×Nf ) Pauli matrix acting in flavor space, where
the indices a, b represent its only non-vanishing elements. In this representation ψ, ψ
are Nf -component spinors.
Then Eq. (C.43) takes the following form
δS
δαabA (x1)
= −i[∂µ(ψ¯(x1)γµγ5τabψ(x1))− 2mψ¯(x1)γ5τabψ(x1)], (C.47)
where Aabµ = ψ¯(x1)γµγ5τ
abψ(x1)), (C.48)
P ab(x1) = ψ¯(x1)γ5τ
abψ(x1), (C.49)
are the flavored axial current and the flavored pseudoscalar density respectively.
Inserting Eq. (C.47) in Eq. (C.33) and simplifying the notation we obtain
δab,x1A O

= −i

[∂µA
ab
µ (x1)]O

+ i2m

P ab(x1)O

. (C.50)
We particularly interested in the integrated Ward identity
d4y

δab,x1A O

= i2m

d4y

P ab(x1)O

. (C.51)
Notice that after integration the term which contains the total derivative of the axial
current vanishes.
Our main goal is to solve Eq. (C.51) in the case where O corresponds to a density chain
constituted by five pseudo-scalar densities. However, for the sake of a good understand-
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ing, we start analyzing the left-hand side of Eq. (C.51) considering only one pseudo-scalar
density. We apply the transformations given in Eq. (C.45) to our observable which is de-
fined as
O = P cd(x2) = ψ¯(x2)γ5τ cdψ(x2), (C.52)
and obtain the following result
P cd(x2)
′ = P cd(x2) + αab(x1)δP cd(x2) = (C.53)
= [ψ¯(x2) + iα
ab(x1)γ5τ
abψ¯(x2)]γ5τ
cd[ψ(x2) + iα
ab(x1)γ5τ
abψ]
= ψ¯(x2)γ5τ
cdψ(x2) + iα
ab(x1)[ψ¯(x2)γ5γ5{τab, τ cd}ψ(x2)] +O(α2(x1))
= ψ¯(x2)γ5τ
cdψ(x2) + iα
ab(x1)[ψ¯(x2){τab, τ cd}ψ(x2)] +O(α2(x1)).
Therefore
δab,x1A P
cd(x2) =
δP cd(x2)
δαab(x1)
= iψ¯(x2){τab, τ cd}ψ(x2)δ(x2 − x1) (C.54)
= iψ¯(x2)τ
adψ(x2)δ(x2 − x1) = iSad(x2)δ(x2 − x1).
In the last expression we have applied the commutation relations of the τab matrices
introduced in App.A.1 {τab, τ cd} = τadδbc + τ cbδab considering that the indices b and c
are equal which is relevant in our case.
We now insert the result given in Eq. (C.54) in the left-hand side of Eq. (C.51) and
after integrating the δ function we obtain the following Ward identity.
i

Sad(x2)

= 2im

d4x1

P ab(x1)P
cd(x2)

. (C.55)
However we actually need to insert in Eq. (C.51) a density chain wich consists on five
pseudoscalar densities. We will start by inserting O = P 23(x2)P 34(x3) in Eq. (C.51) and
solving the left-hand side to understand the mechanism and then will generalize for an
operator with five densities.
δab,x1A P
23(x2)P
34(0) =
δP 23(x2)
δα12(x1)
P 34(0) + P 23(x2)
δP 34(0)
δα12(x1)
= (C.56)
= ψ¯(x2){τ12, τ23}ψ(x2)ψ¯(0)γ5τ34ψ(0) + ψ¯(x2)γ5τ23ψ(x2)ψ¯(0){τ12, τ34}ψ(0).
Since {τ12, τ34} = 0 the derivative of P34 with respect to α12 vanishes, leading this
term to be irrelevant.
δab,x1A P
23(x2)P
34(0) = ψ¯(x2){τ12, τ23}ψ(x2)ψ¯(0)γ5τ34ψ(0) (C.57)
= ψ¯(x2)τ
13ψ(x2)ψ¯(0)γ5τ
34ψ(0) = S13(x2)P
34(0).
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Finally for O = P 23(x2)P 34(x3)P 45(x4)P 56(x5)P 61(0) an additional contribution ap-
pears due to the fact that we have a closed chain in flavor space.
δab,x1A P
23(x2)P
34(x3)P
45(x4)P
56(x5)P
61(0) = (C.58)
=
δP 23(x2)
δα12(x1)
P 34(x3)P
45(x4)P
56(x5)P
61(0) + P 12(x2)P
34(x3)P
45(x4)P
56(x5)
δP 61(0)
δα12(x1)
= S13(x2)P
34(x3)P
45(x4)P
56(x5)P
61(0) + P 23(x2)P
34(x3)P
45(x4)P
56(x5)S
62(0).
Notice that in Eq. (C.58) only {τ12, τ23} = τ13 and {τ61, τ12} = τ62 are different than
zero. We are thus led to the following expression
S13(x2)P
34(x3)P
45(x4)P
56(x5)P
61(0) + P 23(x2)P
34(x3)P
45(x4)P
56(x5)S
62(0)
= 2m

d4x1

P 12(x1)P
23(x2)P
34(x3)P
45(x4)P
56(x5)P
61(0)

. (C.59)
In order to obtain our final result, the non-singlet Ward identity which involves the
expression given in Eq. (4.3), we need to integrate Eq. (C.59)
d4x2d
4x3d
4x4d
4x5S
13(x2)P
34(x3)P
45(x4)P
56(x5)P
61(0) + (C.60)
+

d4x2d
4x3d
4x4d
4x5P
23(x2)P
34(x3)P
45(x4)P
56(x5)S
62(0)
= 2m

d4x2d
4x3d
4x4d
4x5

d4x1

P 12(x1)P
23(x2)P
34(x3)P
45(x4)P
56(x5)P
61(0)

Including different flavors in the axial transformation Eq. (C.45) would give us the
corresponding Ward identities which would allow us to substitute each term arising in
the Symanzik expansion of the Wilson case due to the short distance singularities.
C.2.2. Twisted mass formulation
This section is devoted to present the analogous calculation, showed for pure Wilson
in the last section, for the twisted mass case. The results obtained below were used in
Sec.4.2 to show that the chiral condensate is O(a) improved. In the following we consider
the twisted mass action introduced in Eq. (2.31). In this particular case we are interested
in both, the axial and the vector flavored Ward-Takahashi identities.
Axial Ward identity
We start introducing the notation for twisted mass since we now consider the group
SU(2Nf ) of a partially quenched theory with Nf replicas of degenerate fermions. Ac-
cording to our notation for Nf = 3 we define the charge pseudoscalar density as follows
P+12 = ψγ5λ
14ψ = ψ1γ5τ
+ψ2 = u
1γ5d
2, (C.61)
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where ψ = (u1, d1, u2, d2, u3, d3) is a 2Nf component spinor and λab is a 2Nf × 2Nf
extended Pauli matrix acting on flavor space whose elements are equal to zero except for
the element ab which corresponds to one. Another representation is possible and given
by a SU(2) subalgebra of SU(N) where the spinors are doublets of degenerate fermions
ψ1 = (u1, d1), ψ2 = (u2, d2)T . In this case λab corresponds to the 2× 2 Pauli matrix τ+
acting in flavor space.
Considering the introduced notation for the axial transformations which are given by
ψ(x1) → ψ′ = ψ(x1) + iα(x1)γ5λ14ψ(x1) (C.62)
ψ(x1) → ψ′ = ψ(x1) + iψ(x1)α(x1)γ5λ14. (C.63)
The variation of the action under this transformation gives
δS
δαA(x1)
= −i[∂µ(ψ(x1)γµγ5λ14ψ(x1))− 2mψ(x1)γ5λ14ψ(x1)], (C.64)
where Aµ = ψ(x1)γµγ5λ
14ψ(x1)), (C.65)
P+12(x1) = ψ(x1)γ5λ
14ψ(x1), (C.66)
corresponds to the flavored axial current and the flavored pseudoscalar density respec-
tively. In the axial case only m1 contributes since the term iµγ5τ3 cancels.
If we insert Eq. (C.64) in Eq. (C.33) we obtain after simplifying the notation the fol-
lowing expression 
δx1A O

= −i ⟨[∂µAµ(x1)]O⟩+ i2m

P+12(x1)O

. (C.67)
In particular we are interested in the integrated Ward identity
d4y

δx1A O

= i2m

d4y

P+12(x1)O

. (C.68)
Notice that, after integration, the term in Eq. (C.67), which contains the total deriva-
tive of the current, vanishes.
Again, for the sake of a good understanding we start analyzing the left-hand side
of Eq. (C.68) considering our observable O to be a single charged pseudoscalar density
which is analogous to Eq. (C.61)
O = P−23(x) = ψ2γ5τ−ψ3 = d
−
γ5s
+ = ψγ5λ
45ψ. (C.69)
We then apply the axial transformations introduced in Eq. (C.62) to our observable
P−23(x)
P 23(x2)
′ = P 23(x2) + α(x1)δP 23(x2) = (C.70)
= [ψ(x2) + iα
ab(x1)γ5λ
14ψ(x2)]γ5λ
45[ψ(x2) + iα(x1)γ5λ
14ψ] =
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= ψ2(x2)γ5λ
45ψ(x2) + iα(x1)[ψ(x2)γ5γ5{λ14, λ45}ψ(x2)] +O(α2(x1)) =
= ψ(x2)γ5λ
45ψ(x2) + iα(x1)[ψ(x2)λ
15ψ(x2)] +O(α2(x1)),
where we have used the anticommutation relations of λab, {λ14, λ45} = λ15, and γ25 = 1.
The result that we obtain corresponds to a particular scalar density defined as
S↑13 = ψ1
1
2
(1+ τ3)ψ3. (C.71)
Finally the left hand side of Eq. (C.68) reads
δx1A P
23(x2) =
δP 23(x2)
δα(x1)
= iψ(x2)λ
15ψ(x2)δ(x2 − x1) = iS↑13(x2)δ(x2 − x1). (C.72)
The result obtained in Eq. (C.72) leads to the following Ward identity
i

S↑13(x2)

= i2m

d4x1

P+12(x1)P
−
23(x2)

. (C.73)
It is straightforward to generalize this result to n pseudoscalar densities. In particular
for O = P+34(x3)P−45(x4)P+56(x5)P−61(0) we obtain the following result
S↑13(x2)P
+
34(x3)P
−
45(x4)P
+
56(x5)P
−
61(0) + P
−
23(x2)P
+
34(x3)P
−
45(x4)P
+
56(x5)S
↑
62(0)
= 2m

d4x1

P+12(x1)P
−
23(x2)P
+
34(x3)P
−
45(x4)P
+
56(x5)P
−
61(0)

. (C.74)
As a final step we integrate over the corresponding variables to obtain the integrated
non-singlet axial Ward identity we are interested in

d4x2d
4x3d
4x4d
4x5S
↑
13(x2)P
+
34(x3)P
−
45(x4)P
+
56(x5)P
−
61(0) + (C.75)
+

d4x2d
4x3d
4x4d
4x5P
−
23(x2)P
+
34(x3)P
−
45(x4)P
+
56(x5)S
↑
62(0)
= 2m

d4x2d
4x3d
4x4d
4x5

d4x1

P+12(x1)P
−
23(x2)P
+
34(x3)P
−
45(x4)P
+
56(x5)P
−
61(0)

.
If we exchange the flavors involved in the axial transformation introduced in Eq. (C.62)
we can derive a series of analogous results which are needed to prove that the O(a) terms
in the Symanzik expansion given in Eq. (4.9) vanish.
Vector Ward identity
In this section we compute the non-singlet vector Ward identity for twisted mass. The
notation remains as in the last section.
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We first introduce the flavored vector transformations
ψ(x1) → ψ′ = ψ(x1) + iα(x1)λ14ψ(x1), (C.76)
ψ(x1) → ψ′ = ψ(x1)− iψ(x1)α(x1)λ14. (C.77)
If we apply these transformations to the twisted mass action we obtain the following
result
δS
δαV (x1)
= −i[∂µ(ψ(x1)γµλ14ψ(x1))− 2iµψ(x1)γ5λ14ψ(x1)], (C.78)
where V abµ = ψ(x1)γµλ
14ψ(x1)) (C.79)
P+12(x1) = ψ(x1)λ
14ψ(x1) (C.80)
are the flavored vector current and the flavored pseudoscalar density respectively. In the
vector case the term which corresponds to the Wilson mass m1 does not contribute. An
important remark is that in the twisted mass case, due to the γ5 that appears in the
commutator, in the PCVC relation a pseudoscalar density appears, in contrast with the
Wilson case where we obtained a scalar density.
Following the steps introduced in the last section we now insert Eq. (C.78) in Eq. (C.33)
and simplify the notation
δx1V O

= −i ⟨[∂µVµ(x1)]O⟩ − 2µ

P+12(x1)O

. (C.81)
Again we are interested in the integrated Ward identity, which corresponds to
d4y

δx1V O

= −2µ

d4y

P+12(x1)O

, (C.82)
where the total derivative of the current vanishes after the integration.
The next step would be to apply the vector transformations to the operator O, which
we choose to be P 23(x2) for simplicity. However we are interested in a chain with six
flavors which corresponds to O = P−23(x2)P+34(x3)P−45(x4)P+56(x5)P−61(0). We will explain
in detail the simple case and then generalize for a 6 flavors chain.
P 23(x2)
′ = P 23(x2) + α(x1)δP 23(x2) = (C.83)
= [ψ(x2)− iα(x1)λ14ψ(x2)]γ5λ45[ψ(x2) + iα(x1)λ14ψ] =
= ψ2(x2)γ5λ
45ψ(x2) + iα(x1)[ψ(x2)γ5[λ
14, λ45]ψ(x2)] +O(α2(x1)) =
= ψ(x2)γ5λ
45ψ(x2) + iα(x1)[ψ(x2)γ5λ
3ψ(x2)] +O(α2(x1)),
where
P ↑13 = ψ1γ5
1
2
(1+ τ3)ψ3. (C.84)
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We can then conclude that
δx1A P
23(x2) =
δP 23(x2)
δα(x1)
= iψ(x2)γ5λ
15ψ(x2)δ(x2 − x1) = iP ↑13(x2)δ(x2 − x1). (C.85)
Eq. (C.85) leads to the following Ward-identity
i

P ↑13(x2)

= −2µ

d4x1

P+12(x1)P
−
23(x2)

. (C.86)
The generalization to six or n flavors is straightforward and gives as a result
P ↑13(x2)P
+
34(x3)P
−
45(x4)P
+
56(x5)P
−
61(0) + P
−
23(x2)P
+
34(x3)P
−
45(x4)P
+
56(x5)P
↑
62(0)
= −2iµ

d4x1

P+12(x1)P
−
23(x2)P
+
34(x3)P
−
45(x4)P
+
56(x5)P
−
61(0)

. (C.87)
We are originally interested in the integrated Ward-identity, since we need to use them
in the Symanzik expansion of the spectral sum defined in Eq. (4.3). After integration we
obtain our final result
d4x2d
4x3d
4x4d
4x5P
↑
13(x2)P
+
34(x3)P
−
45(x4)P
+
56(x5)P
−
61(0) + (C.88)
+

d4x2d
4x3d
4x4d
4x5P
−
23(x2)P
+
34(x3)P
−
45(x4)P
+
56(x5)P
↑
62(0)
= −2iµ

d4x2d
4x3d
4x4d
4x5

d4x1

P+12(x1)P
−
23(x2)P
+
34(x3)P
−
45(x4)P
+
56(x5)P
−
61(0)

.
A set of analogous Ward identities can be derived applying different flavors in the
original vector transformation.
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Details of the simulations
D.1. Dynamical simulations
The dynamical simulations used in this work were performed by the European Twisted
Mass Collaboration. They correspond to two different sets, the first for Nf = 2 dynam-
ical flavors of maximally twisted mass fermions [40, 41, 42], which correspond to two
degenerate light quarks up and down, and the second where the strange and the charm
quarks were added and correspond to Nf = 2 + 1 + 1 [43, 44, 45]. For the former the
tree-level Symanzik improved gluon action [25, 26] was chosen, whereas for the latter,
due to peculiarities introduced by the addition of the strange and the charm quark, the
Iwasaki gluon action [27, 28] was used.
In Tab. D.1 and Tab. D.2 all the relevant information of all the ensembles for Nf = 2
and Nf = 2 + 1 + 1 respectively is provided, such as the lattice spacing [45, 85], r0/a
[43, 85, 115] and the renormalization constant ZP in the MS scheme at 2 GeV [82, 84].
To help the reader we plot the most relevant parameters in Fig. D.1.
Nf = 2 + 1 + 1
Nf = 2
aµ [MeV]
a
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m
]
5045403530252015105
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Figure D.1.: a vs. aµ (left) and a vs L (right) of all ETMC ensembles used in this work.
The blue points correspond to Nf = 2 and the red to Nf = 2 + 1 + 1.
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D.2. Pure gauge simulations
In order to compute the topological susceptibility in the pure gluon theory we generated
four quenched ensembles at different β values keeping the volume and the quark mass
constant. In this Appendix we report on the details of the generation of the gauge
configurations and the tuning of all parameters involved.
D.2.1. Details of the generation of the pure gauge ensembles
Since one of our goals was to attempt a first test of the Witten-Veneziano formula we were
interested in computing the topological susceptibility matching the physical situation of
the masses of the mesons η and η′ which were computed using the ensemble B55.32. For
this reason we used the Iwasaki gauge action introduced in Eq. (2.14), to generate the
configurations, since this was the action chosen by the ETM Collaboration to generate
the Nf = 2 + 1 + 1 ensembles. This action is implemented in the tmLQCD package
[78], which we used to generate all the configurations using the HMC algorithm. We are
aware that there are more efficient algorithms to generate quenched ensembles, however,
due to the choice of the action which was only implemented in tmLQCD package where
the HMC algorithm was, at the time, the only available algorithm.
We were also interested in matching the volume and the quark mass of the ensemble
B55.32. To this end we tuned our first ensemble with a volume 323 × 64 at β = 2.67,
which corresponds to a value of r0/a ≈ 5.71, matching r0/a and the volume of B55.32.
We kept the mass fixed at aµ = 0.0055 as well.
Once we had the first set of configurations we decided to generate three more ensembles
at different lattice spacings while keeping constant the physical volume and the quark
mass. This allows us to perform the continuum limit extrapolation of quantities evaluated
in these ensembles.
All the details of the ensembles and their corresponding parameters can be found in
Tab. D.3. In the following sections we explain in detail the computation of r0/a and the
tuning to κc for the ensembles. In order to compute the quark mass value we maintained
constant the product r0µ.
In Chap.2 we already introduced the quenched approximation and the methods which
are typically in use. In the following lines we explain the technical details involved in the
production of the pure gauge configurations used in this work.
During the generation of gauge configurations it is common to compute few variables
online to control that the production is going as expected. These variables are typically
the plaquette, ∆H, e−∆H and a logical variable which informs about the acceptance
of the configuration among others 1. In particular we use the plaquette to study the
thermalization of the configurations. For instance, for β = 2.37 the thermalization of the
plaquette is reached after less than 40 trajectories. However the thermalization depends
on the observable evaluated and the parameters of the configurations and for this reason
we, conservatively, consider thermalized configurations after 1000 trajectories. Fig. D.2
1We refer to any general reference about Monte Carlo algorithm for more details, e.g. [21, 20].
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Figure D.2.: Monte Carlo history of the plaquette for the first 2000 thermalized trajec-
tories for the quenched ensembles at β = 2.37, 2.48, 2.67 and 2.85.
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β Volume r0/a a [fm] aµ κ
χ
c
2.37 203 × 40 3.59(2)(3) 0.1393 0.0087 0.158738
2.48 243 × 48 4.28(1)(5) 0.1182 0.0073 0.154928
2.67 323 × 64 5.69(2)(3) 0.0879 0.0055 0.150269
2.85 403 × 80 7.29(7)(1) 0.0686 0.0043 0.147180
Table D.3.: All relevant parameters of the pure gauge ensembles for β = 2.37, 2.48, 2.67
and 2.85. The errors of r0/a are statistical and systematic as explained in
the text.
shows the plaquette of the first 3000 thermalized configurations for the different ensembles
that we generated for this work.
Another important parameter, that is controlled by the number of integration steps,
is the acceptance of the configurations. Due to the computational cost of the generation
of gauge configurations, it is important to guarantee a high acceptance rate which is
directly related to the quantity e−∆H . In all our cases over 90% of all configurations
were accepted. In Tab. D.4 we show the details of the run where we include the aver-
age plaquette and its corresponding integrated autocorrelation time, together with the
approximated number of trajectories generated for each ensemble and the acceptance
rate.
In the following sections we report on the calculation of r0/a and the strategy followed
to tune to κc in the chiral limit for the quenched case.
β Plaquette τint Plaq. trajectories Acceptance
2.37 0.633125(13) 2.77(9) ∼80000 0.985
2.48 0.652407(10) 2.67(8) ∼100000 0.979
2.67 0.680220(10) 2.49(7) ∼150000 0.971
2.85 0.702151(8) 2.37(6) ∼200000 0.936
Table D.4.: Relevant parameters for the generation of quenched ensembles for β =
2.37, 2.48, 2.67 and 2.85. τint corresponds to the plaquette.
D.2.2. Computation of r0/a
In order to set the scale of the pure gauge configurations that we generated we used the
so-called Sommer parameter r0 [24] which is directly related to the static quark potential.
We briefly summarize the method to compute r0/a, however for a more detailed ex-
planation we refer to [119]. To perform all the calculations of this section we used a code
provided by Marc Wagner. We first compute planar Wilson loops W (r, t) of size r × t,
which were already introduced in Chap.2 and illustrated in Fig. 2.3, whose expectation
value is directly related to the static potential V (r) of a quark-antiquark pair separated
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Figure D.3.: Effective potential Veff given by Eq. (D.2) as a function of t for different
values of r for β = 2.37. The lines correspond to the constant fit in the
range of t where we observe a plateau for each r.
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Figure D.4.: Static quark-antiquark potential V (r) for β = 2.37. The line corresponds to
a fit to Eq. (D.3) where only the highlighted points were taken into account.
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β t r V α σ χ2/dof r0/a
2.37 3-7 4-8 0.062(10) 0.230(23) 0.1099(10) 0.03 3.593(15)
2.48 5-8 5-9 0.136(14) 0.335(39) 0.0733(13) 0.01 4.281(14)
2.67 5-8 6-11 0.123(5) 0.208(17) 0.0445(4) 0.04 5.691(15)
2.85 8-14 5-8 0.160(10) 0.283(26) 0.0257(9) 0.00 7.290(68)
Table D.5.: Results of the potential V (r), the parameters of the fit α and σ and the
corresponding value of r0/a for quenched ensembles. All the errors are only
statistical.
for a distance r:
⟨W (r, t)⟩ = C1 e−tV (r), t >> 1 (D.1)
To obtain V (r) we first compute the Wilson loops W (r, t) for different values of the
temporal extend t keeping the spatial extend r fixed. In this way we can construct an
effective potential which is defined as
Veff(r, t) =
1
a
ln
 ⟨W (r, t)⟩
⟨W (r, t+ a)⟩

. (D.2)
As can be seen in Fig. D.3, Veff shows a plateau for large enough values of t where
the excited states are suppressed and small enough to keep the statistical error under
control. A constant fit to the plateau gives a value of the potential V (r) which is now
independent from t.
If we repeat this calculation for different values of the spatial extend r we can finally
fit the potential V (r) to the function
V (r) = V0 +
α
r
+ σr (D.3)
and extract the value of the parameters α and σ. An example of V (r) and the corre-
sponding fit is shown in Fig. D.4.
We are interested in those parameters because the force F (r), defined as
F (r) =
d
dr
V (r) = − α
r2
+ σ, (D.4)
is directly related to the Sommer parameter r0 through the following expression
F (r0)r
2
0 = 1.65. (D.5)
This allows us to compute the ratio r0/a for each ensemble if we consider the equation
in lattice units
r0
a
=

1.65 + α
σa2
. (D.6)
Moreover, since the physical value of r0 is known for the quenched approximation to
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Figure D.5.: Chiral extrapolation of κc for the quenched ensemble at β = 2.48. The red
point corresponds to the linear chiral extrapolation.
be r0 ≈ 0.5 fm we can set the scale of our lattices.
The values of r0/a, and the relevant parameters of the fit performed to obtain that
result can be found in Tab. D.5 for all the quenched ensembles generated for this work.
In this case only statistical errors are quoted which in the case of r0/a were computed
using jackknife with blocking. However, Tab. D.3 shows the statistical and the systematic
error which was computed from the spread obtained through different fits performed at
different intervals of t and r for the case of Veff and V (r) respectively.
D.2.3. Computation of κc
In order to perform calculations on the configurations one needs to tune κ to κc for the
valence quarks to guarantee O(a2) scaling.
In order to compute κc we followed the strategy introduced in [120]. In this way we
compute κc for different values of the quark mass aµ and finally extrapolate to the chiral
limit. We then use the chirally extrapolated value as our κc to perform our calculations,
since it has been proven to reduce the discretization effects [120].
In order to tune κ to its critical value we use mpcac which was defined in Eq. (2.42).
Thus we tune κ for each quark mass aµ to a value which gives a mpcac < 0.1aµ.
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D. Details of the simulations
To compute mpcac we first need to compute the correlators ⟨PP ⟩ and ⟨PA⟩ where
P a = χγ5τ
aχ, Aaµ = χγ5γ5τ
aχ. (D.7)
We performed all this calculations offline. However it is very common that this infor-
mation is directly computed online for each configuration.
Once we have the offline measurements we computed the mpcac using the publicly
available hadron R package [121] which contains special routines to fit quantities related
to latticeQCD.
We finally obtained the values of κ which give a vanishing mpcac for different values
of aµ. We then could perform a chiral extrapolation linear in the quark mass for each β
value and obtain κχc . In Fig. D.5 we show an example which corresponds to β = 2.48 of
κc for several aµ, we perform the chiral fit considering only the lowest masses aµ < 0.01
since the larger masses deviates from the linear behavior. Notice that the data is highly
correlated and therefore it is very important to consider the correlation to compute the
errors. All the results are provided in Tab. D.3.
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APPENDIX E
Notes on the mode number
E.1. Raw data
A30.32 A40.32 A50.32
MR ν τint ν τint ν τint
57.6 89.8(1.0) 0.6(2) 91.2(8) 0.7(2) 27.0(4) 0.48(8)
76.8 127.4(2.1) 1.3(5) 130.0(1.2) 1.0(3) 40.1(6) 0.6(2)
96.0 165.4(3.5) 8.8(4.2) 170.6(1.2) 2.2(8) 55.4(7) 0.7(2)
115.2 210.2(2.4) 1.9(7) 215.6(1.4) 0.7(2) 68.6(1.3) 1.5(5)
MR ∂ν/∂MR a
3Σeff ∂ν/∂MR a
3Σeff ∂ν/∂MR a
3Σeff
90.9 4680(120) 0.003466 4873(59) 0.003576 5154(57) 0.003738
(89)(33) (44)(34) (42)(35)
A60.24 A80.24
MR [MeV] ν τint ν τint
57.6 27.04(44) 0.48(8) 24.2(4) 0.7(2)
76.8 40.11(56) 0.58(16) 39.7(5) 0.5(1)
96.0 55.37(74) 0.66(17) 54.0(5) 0.6(1)
115.2 68.65(1.35) 1.53(54) 70.1(7) 0.7(2)
MR [MeV] ∂ν/∂MR a3Σeff ∂ν/∂MR a3Σeff
90.9 1662(40) 0.003754 1806(29) 0.003917
(91)(36) (63)(37)
Table E.1.: Mode number using spectral projectors for Nf = 2 + 1 + 1 β = 1.90. a3Σeff
and ∂ν/∂MR at MR are also included. The errors quoted are statistical; in
the case of a3Σeff the second error corresponds to ZP .
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B25.32 B35.32 B55.32
MR ν τint ν τint ν τint
53.5 48.3(7) 0.7(2) 51.1(5) 0.44(6) 47.3(6) 0.42(9)
71.4 69.1(7) 0.49(7) 73.7(6) 0.45(7) 71.6(6) 0.48(7)
89.4 91.8(1.1) 1.3(3) 95.0(9) 1.4(4) 94.5(4) 0.73(9)
107.1 114.5(1.6) 1.2(3) 119.6(1.6) 1.7(6) 120.3(1.0) 0.7(2)
MR ∂ν/∂MR a
3Σeff ∂ν/∂MR a
3Σeff ∂ν/∂MR a
3Σeff
80.3 3094(67) 0.002289 3163(58) 0.002311 3380(45) 0.00238
(49)(23) (42)(23) (32)(24)
B75.32 B85.24
MR [MeV] ν τint ν τint
53.5 38.8(4) 0.59(14) 9.8(2) 0.44(7)
71.4 67.0(9) 0.6(2) 19.4(3) 0.38(6)
89.4 92.4(9) 0.8(2) 31.0(5) 0.7(2)
107.1 118.0(9) 0.50(7) 37.3(5) 0.48(7)
MR [MeV] ∂ν/∂MR a3Σeff ∂ν/∂MR a3Σeff
80.3 3757(43) 0.00249 1319(16) 0.00264
(29)(25) (32)(26)
Table E.2.: Mode number using spectral projectors for Nf = 2 + 1 + 1 β = 1.95. The
result of a3Σeff and ∂ν/∂MR at MR are also included. The errors quoted are
statistical; in the case of a3Σeff the second error corresponds to ZP .
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All the errors statistical errors quoted in the present section were computed using
the method described in [80]. In addition all the results were cross-checked through an
independent analysis using the bootstrap method. Both set all results were perfectly
compatible within errors in all the cases.
E.2. Analysis of the NLO effects of χPT for the chiral
extrapolation of Σ
In addition to the careful study of systematic errors that we presented in Chap.4, and
motivated by the work presented in [79] we decided to follow a different strategy to
confirm that we are not sensitive to the NLO effects present in Eq. (4.2) and that a
linear interpolation is therefore completely justified.
We chose a particular β = 4.05 to perform this exercise, however, we are confident,
due to the randomness in the choice, that the same conclusions will be reached through
a different set of ensembles.
β=4.05, L=32, µR =19 MeV
MR [MeV]
ν
m
o
d
e
n
u
m
b
er
120110100908070605040
60
50
40
30
20
10
Figure E.1.: Mode number as a function of MR for the ensemble β = 4.05, L = 32 and
aµ = 19 MeV. The line corresponds to a linear fit which contains all points.
The corresponding errors of the mode number are not plotted.
Fig. E.1 shows the linear dependence of the mode number and the threshold parameter
M for one of the analyzed ensembles. The basic idea behind this new strategy is to
perform a chiral extrapolation for different values of M , since, in principle, the chiral
value should be independent of M according to χPT. To do so we perform a linear fit of
the mode number for different intervals of M , each of which contains two points. From
each linear fit we can extract Σeff . We perform this analysis for three different masses
and three different values of M .
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E.2. Analysis of the NLO effects of χPT for the chiral extrapolation of Σ
Figure E.2.: Chiral extrapolation of the chiral condensate at three different values ofM .
The lines correspond to a LO (green) and NLO (red) fit of χPT respectively.
The corresponding value of M is shown in each plot.
interval central
fit MR [MeV] MR [MeV] a3Σχ · 10−3
LO [54-109] 81.7 1.145(49)
NLO global fit - 1.064(99)
LO global fit - 1.156(68)
LO [54-73] 63.6 1.139(86)
LO [73-91] 81.7 1.134(95)
LO [91-109] 99.9 1.129(106)
Table E.9.: Results of chirally extrapolated values of the chiral condensate for β = 4.05
at different values of M using LO and NLO fits of χPT.
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In order to extrapolate to the chiral limit we use two approaches, a simple linear ex-
trapolation and the NLO χPT formula given in Eq. (4.2). More concretely we performed
a global fit to the equation suggested in [79] including the data for all the masses and
all M . Fig. E.2 shows the individual extrapolations for each fixed M through a LO and
a NLO global fit of χPT. Our data shows that we are not sensitive to the NLO effects,
conclusion that supports our choice to perform a linear extrapolation. Moreover we con-
firm that the chirally extrapolated chiral condensate is independent of M as expected.
In Tab. E.9 all the results are displayed to facilitate the comparison.
E.3. Relation of mode number, spectral sums and density
chains
In this section we present the details in the calculation which leads to relate both defini-
tions of the spectral sums given in Chap.3.
For simplicity we present again both equations. First we define the spectral sum as
σk(µ,m) =

Tr{(D†mDm + µ2)−k}

=

λ
1
(λ2 +m2v)
k
, (E.1)
where we have applied the spectral decomposition in the second equality.
On the other hand we have the relation between the spectral sum and the mode
number, which is given by
σk(µ,mq) =
 ∞
0
dMν(M,mq)
2kM
(M2 + µ2)k+1
. (E.2)
Our goal is to relate Eq. (E.2) to Eq. (E.1). To this end we first insert the definition
of the mode number, Eq. (3.3), in Eq. (E.2)
σk(µ,mq) =
 ∞
0
dM
2kM
(M2 + µ2)k+1
2V
 Λ
0
dλρ(λ), (E.3)
and then integrate by parts
dv = 2kM
(M2+µ2)k+1
dM, v = 1
(M2+µ2)k+1
u =
 Λ
0 dλρ(λ), du = 2V ρ(λ)
dλ
where v = v(M) and u = u(λ).
σk(µ,mq) =
2V
 Λ
0 dλρ(λ)
(M2 + µ2)k
−
 ∞
0
dM
2V ρ(λ)
(M2 + µ2)k
. (E.4)
The first term in Eq. (E.4) vanishes for k ≤ 3 since we know that ρ ∼ λk for M →∞.
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E.3. Relation of mode number, spectral sums and density chains
For convenience we make a change of variables to integrate over Λ instead of over M
Λ =
√
M2 −m2, M = √Λ2 +m2
dΛ
dM =
2M√
M2−m2 =
M
Λ , dM =
Λ
M dΛ
, and we obtain
σk(µ,mq) =
 ∞
0
dΛ
Λ
M
2V ρ(λ)
(Λ2 +m2 + µ2)k
= (E.5)
= 2V
 ∞
0
dΛ

1− m
2
M2
ρ(λ)
(Λ2 +m2v)
k
= (E.6)
= V

1− m
2
M2
 ∞
−∞
dΛ
ρ(λ)
(Λ2 +m2v)
k
, (E.7)
where m2v = m2 + µ2 and
Λ
M =

M2−m2
m2
=

1− m2
M2
.
If now we apply the definition of the spectral density
ρ(λ) =
1
V
∞
k=1
⟨δ(λ− λk)⟩ , (E.8)
and the definition of the δ function
dxδ(x− x0)f(x) = f(x0), (E.9)
we finally obtain
σk(λ,m) = V
 ∞
−∞
1
V
∞
k=1 ⟨δ(λ− λk)⟩
(Λ2 +m2v)
k
= (E.10)
=
1
V
∞
k=1
 ∞
−∞
δ(λ− λk)
(Λ2 +m2v)
= (E.11)
=
∞
k=1
1
(λ2k +m
2
v)
k
. (E.12)
We thus recover the expression given Eq. (E.1) and therefore we show that both defi-
nitions of the spectral sums are equivalent.
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APPENDIX F
Notes on ZP/ZS
F.1. Raw data
M2⋆ MR MR [MeV] ⟨A⟩ τint ⟨B⟩ τint ZP /ZS
0.001 0.2166 502 1.95(12) 0.7(2) 0.57(4) 0.7(2) 0.539(25)
0.002 0.3064 710 6.29(15) 0.6(2) 2.09(5) 0.6(1) 0.576(10)
0.003 0.3752 870 11.2(2) 0.5(1) 3.97(7) 0.6(2) 0.596(7)
0.004 0.4333 1006 16.9(2) 0.6(2) 6.24(9) 0.8(2) 0.608(6)
0.006 0.5306 1232 29.7(3) 0.7(2) 11.6(11) 0.7(2) 0.625(4)
0.007 0.5732 1330 36.7(2) 0.5(1) 14.6(9) 0.5(1) 0.631(3)
0.008 0.6128 1422 44.5(3) 0.6(2) 18(1) 0.6(2) 0.637(3)
0.009 0.6500 1508 52.2(3) 0.5(1) 21.4(1) 0.4(1) 0.64(2)
0.011 0.7186 1667 69(3) 0.5(1) 28.9(1) 0.4(1) 0.647(2)
0.012 0.7506 1741 77.8(4) 0.8(2) 33(1) 0.7(2) 0.651(2)
0.013 0.7811 1813 87.5(3) 0.4(1) 37.5(1) 0.4(1) 0.654(2)
0.014 0.8107 1881 96.9(4) 0.5(1) 41.8(2) 0.6(1) 0.657(2)
0.015 0.8391 1947 106(4) 0.7(2) 46.2(2) 0.6(1) 0.659(2)
0.01 0.6852 1589 60.5(3) 0.7(2) 25(1) 0.4(1) 0.643(2)
0.02 0.9690 2248 160.0(4) 0.5(1) 72.1(2) 0.4(1) 0.671(1)
0.03 1.187 2754 287(1) 0.5(1) 137(3) 0.5(1) 0.69(1)
0.04 1.370 3180 438(1) 0.5(1) 218(4) 0.6(1) 0.706(1)
0.05 1.532 3556 612(1) 0.5(1) 317(5) 0.5(1) 0.720(1)
0.1 2.167 5029 1741(1) 0.5(1) 1044(1) 0.6(1) 0.774(1)
Table F.1.: Observables ⟨A⟩, ⟨B⟩ for different values of MR and their corresponding inte-
grated autocorrelation time τint for Nf = 2, β = 3.9, aµ = 0.004 and L = 8.
Also the result ZP /ZS is included in the table.
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F. Notes on ZP /ZS
M2⋆ MR MR [MeV] ⟨A⟩ τint ⟨B⟩ τint ZP /ZS
0.0001 0.0131 159 12.3(3) 1.1(4) 2.81(8) 1.1(3) 0.479(9))
0.0003 0.0226 275 26.5(4) 0.5(1) 7.42(12) 0.51(09) 0.529(6)
0.0005 0.0292 355 38.8(7) 1.4(6) 11.7(2) 1.0(4) 0.55(7)
0.0007 0.0346 420 51.1(8) 0.9(3) 16.1(2) 0.9(3) 0.562(6)
0.0017 0.0414 502 70.4(1.0) 1.2(4) 23.2(3) 1.0(3) 0.574(5)
0.0015 0.0507 615 286(2) 1.6(8) 109(1) 1.3(6) 0.62(3)
0.002 0.0585 710 138(1) 1.1(4) 49.2(3) 0.8(2) 0.597(3)
0.003 0.0716 870 217(1) 1.5(6) 80.2(4) 1.0(3) 0.609(3)
0.004 0.0827 1006 302(2) 1.6(6) 115(1) 1.2(4) 0.617(2)
0.005 0.0925 1123 378(22) 4.7(2.3) 147(8) 4.7(2.3) 0.623(3)
0.007 0.1095 1330 610(2) 1.1(3) 244(1) 0.7(2) 0.633(1)
0.008 0.1170 1422 726(2) 0.7(2) 294(1) 0.7(2) 0.637(1)
0.009 0.1241 1508 848(2) 0.8(2) 349(1) 0.6(2) 0.641(1)
0.01 0.1308 1589 980(2) 1.3(4) 407(1) 1.0(3) 0.644(1)
Table F.2.: Observables ⟨A⟩, ⟨B⟩ for different values of MR and their corresponding inte-
grated autocorrelation time τint for Nf = 2, β = 3.9, aµ = 0.004 and L = 16.
Also the result ZP /ZS is included in the table.
M2⋆ MR MR [MeV] ⟨A⟩ τint ⟨B⟩ τint ZP /ZS
0.0000317 0.0385 89 33.1(4) 0.9(3) 5.9(1) 0.7(3) 0.424(5)
0.00004 0.0433 100 37.9(4) 0.6(2) 7.2(1) 0.6(2) 0.435(4)
0.00005 0.0483 112 44(4) 0.8(3) 8.8(1) 0.6(2) 0.447(4)
0.00006 0.0530 132 48.9(7) 0.8(3) 10.2(2) 0.9(3) 0.456(5)
0.00007 0.0572 133 53.3(5) 0.6(2 11.6(1) 0.5(2) 0.466(3)
0.0001 0.0685 159 66.8(7) 0.9(3) 15.4(2) 0.7(3) 0.481(3)
0.0003 0.1186 275 138(1) 0.8(3) 38.8(3) 0.9(3) 0.53(3)
0.0004 0.1370 317 169(1) 0.9(3) 49.6(3) 0.7(3) 0.541(3)
0.00057 0.1532 355 201(1) 0.8(3) 60.6(4) 0.7(3) 0.549(3)
0.0007 0.1811 420 262(1) 0.7(3) 82.8(4) 0.6(2) 0.562(2)
0.001 0.2166 502 359(2) 0.8(3) 118(1) 0.8(3) 0.574(2)
0.002 0.3064 710 704(3) 0.9(3) 250(1) 0.8(3) 0.596(1)
0.003 0.3752 870 1099(3) 0.8(3) 406(1) 0.8(3) 0.608(1)
0.004 0.4333 1006 1538(4) 1.0(4) 584(1) 1.1(5) 0.616(1)
0.005 0.4844 1123 2019(3) 0.6(3) 782(1) 0.9(4) 0.623(1)
0.007 0.5732 1330 3092(4) 0.9(3) 1237(2) 0.9(4) 0.633(1)
0.01 0.6852 1590 4952(5) 1.0(3) 2054(2) 1.1(5) 0.644(1)
Table F.3.: Observables ⟨A⟩, ⟨B⟩ for different values of MR and their corresponding inte-
grated autocorrelation time τint for Nf = 2, β = 3.9, aµ = 0.004 and L = 24.
Also the result ZP /ZS is included in the table.
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F.1. Raw data
M2⋆ MR MR [MeV] ⟨A⟩ τint ⟨B⟩ τint ZP /ZS
0.00007 0.0518 152 10.5(4) 0.5(1) 3.4(1) 0.5(1) 0.569(15)
0.0005 0.1385 407 50.8(9) 0.8(3) 20.7(4) 0.8(3) 0.638(8)
0.0007 0.1639 482 70.2(9) 0.5(1) 29.2(4) 0.5(1) 0.645(6)
0.001 0.1959 576 101(1) 0.5(1) 42.8(5) 0.5(1) 0.652(5)
0.003 0.3393 998 365(2) 0.6(2) 164(1) 0.5(1) 0.670(3)
0.005 0.4381 1289 713(3) 0.6(2) 329(1) 0.5(1) 0.678(2)
0.0077 0.5184 1525 1132(4) 0.6(2) 529(2) 0.6(2) 0.684(2)
0.01 0.6196 1824 1878(4) 0.4(1) 896(2) 0.4(1) 0.691(1)
Table F.4.: Observables ⟨A⟩, ⟨B⟩ for different values of MR and their corresponding in-
tegrated autocorrelation time τint for Nf = 2, β = 4.05, aµ = 0.003 and
L = 20. Also the result ZP /ZS is included in the table.
M2⋆ MR MR [MeV] ⟨A⟩ τint ⟨B⟩ τint ZP /ZS
0.00003 0.0328 118 7.5(4) 0.8(3) 2.9(2) 0.5(1) 0.622(24)
0.00005 0.0424 154 10.6(4) 0.8(3) 4.4(2) 0.7(2) 0.641(18)
0.00007 0.0501 183 12.8(5) 0.9(3) 5.5(2) 0.8(3) 0.655(19)
0.0001 0.0600 218 16.5(6) 1.0(4) 7.3(2) 0.8(3) 0.665(17)
0.0003 0.1041 380 41.5(7) 0.5(1) 19.6(3) 0.5(1) 0.687(8)
0.0005 0.1344 491 68.9(9) 0.8(3) 33.4(4) 0.5(1) 0.697(6)
0.0007 0.1590 580 99(1) 0.6(2) 48.6(7) 0.9(3) 0.702(7)
0.001 0.1900 694 144(1) 0.8(3) 71.7(8) 0.7(2) 0.706(5)
0.003 0.3292 1202 575(3) 0.6(2) 293.5(1.6) 0.8(3) 0.714(3)
0.005 0.4249 1552 1175(4) 0.5(1) 606.8(2.0) 0.6(2) 0.718(2)
0.007 0.5027 1837 1909(4) 0.5(1) 994.2(2.0) 0.5(1) 0.722(1)
0.01 0.6010 2196 3251(6) 0.4(1) 1711.9(3.2) 0.5(1) 0.726(1)
Table F.5.: Observables ⟨A⟩, ⟨B⟩ for different values of MR and their corresponding inte-
grated autocorrelation time τint for Nf = 2, β = 4.2, aµ = 0.002 and L = 24.
Also the result ZP /ZS is included in the table.
M2⋆ MR MR [MeV] ⟨A⟩ τint ⟨B⟩ τint ZP /ZS
0.0003 0.0959 411 85(1) 1.1(4) 46(1) 1.0(4) 0.7381(87)
0.0005 0.1238 530 214(1) 0.4(1) 118(7) 0.4(1) 0.7438(32)
0.0007 0.1465 628 1449(6) 0.6(2) 808(4) 0.6(2) 0.7468(26)
0.003 0.3034 1300 3062(8) 0.5(1) 1715(5) 0.5(1) 0.7485(15)
0.005 0.3916 1678 5090(14) 0.5(1) 2862(10) 0.5(1) 0.7500(17)
0.007 0.4633 1987 8786(25) 0.5(1) 4978(17) 0.5(1) 0.7527(17)
Table F.6.: Observables ⟨A⟩, ⟨B⟩ for different values of MR and their corresponding in-
tegrated autocorrelation time τint for Nf = 2, β = 4.35, aµ = 0.00175 and
L = 32. Also the result ZP /ZS is included in the table.
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F. Notes on ZP /ZS
M2⋆ r0M M [MeV] ⟨A⟩ τint ⟨B⟩ τint ZP /ZS
0.0002 0.1526 61 115(1) 0.5(1) 29.9(3) 0.4(1) 0.509(3)
0.0004 0.2181 86 171(2) 1.0(3) 50.9(4) 0.6(2) 0.546(4)
0.0008 0.3079 122 260(1) 0.4(1) 86.3(4) 0.3(1) 0.576(2)
0.001 0.3451 136 297(2) 0.6(1) 102(1) 0.5(1) 0.585(2)
0.003 0.5961 236 682(2) 0.5(1) 264(1) 0.5(1) 0.622(1)
0.005 0.7709 305 1112(2) 0.4(1) 451(1) 0.4(1) 0.637(1)
0.007 0.9131 361 159(4) 0.5(1) 6672) 0.6(1) 0.646(1)
0.009 1.035 409 2137(4) 0.5(1) 913(2) 0.5(1) 0.653(1)
0.012 1.195 472 3036(5) 0.7(2) 1331(2) 0.5(1) 0.662(1)
0.014 1.291 510 3703(5) 0.5(1) 1648(2) 0.5(1) 0.667(1)
0.016 1.381 545 4408(5) 0.4(1) 1987(3) 0.4(1) 0.671(1)
0.018 1.463 578 5164(6) 0.5(1) 2360(3) 0.4(1) 0.676(1)
0.01 1.092 431 2433(5) 0.6(2) 1048(2) 0.7(2) 0.656(1)
0.02 1.544 609 5949(7) 0.6(1) 2751(3) 0.5(1) 0.68(1)
0.025 1.726 681 8081(7) 0.5(1) 3837(4) 0.5(1) 0.689(1)
0.03 1.892 746 10449(9) 0.6(2) 5083(4) 0.6(2) 0.697(1)
0.035 2.043 806 13020(9) 0.6(1) 6475(4) 0.5(1) 0.705(1)
0.04 2.184 862 15792(10) 0.5(1) 8017(5) 0.5(1) 0.712(1)
0.045 2.316 914 18768(10) 0.5(1) 9710(6) 0.6(1) 0.719(1)
0.05 2.442 964 21923(12) 0.6(1) 11542(7) 0.6(1) 0.726(1)
0.055 2.560 1011 25239(11) 0.4(1) 13519(6) 0.4(1) 0.732(1)
0.07 2.888 1140 36195(14) 0.5(1) 20308(8) 0.4(1) 0.749(1)
Table F.7.: Observables ⟨A⟩, ⟨B⟩ for different values of MR and their correspond-
ing integrated autocorrelation time τint for quenched ensembles β = 2.37,
aµ = 0.0087 and L = 20. Also the result ZP /ZS is included in the table.
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F.1. Raw data
M2⋆ r0M M [MeV] ⟨A⟩ τint ⟨B⟩ τint ZP /ZS
0.0005 0.2917 116 236(1) 0.4(1) 93.8(5) 0.5(1) 0.630(2)
0.0007 0.3471 137 294(1) 0.5(1) 121(1) 0.5(1) 0.642(2)
0.0009 0.3944 156 349(1) 0.5(1) 147(1) 0.5(1) 0.649(2)
0.001 0.4152 164 374(2) 0.5(1) 159(1) 0.4(1) 0.653(2)
0.003 0.7180 284 963(2) 0.5(1) 444(1) 0.4(1) 0.679(2)
0.005 0.9282 367 1668(4) 0.6(2) 790(2) 0.6(2) 0.688(1)
0.007 1.099 434 2497(4) 0.5(1) 1204(2) 0.5(1) 0.694(1)
0.01 1.315 519 3939(5) 0.5(1) 1938(3) 0.6(2) 0.701(1)
0.013 1.499 592 5598(6) 0.6(2) 2798(3) 0.6(2) 0.707(1)
0.015 1.609 635 6833(8) 0.7(2) 3452(4) 0.7(2) 0.711(1)
0.017 1.712 677 8141(7) 0.6(2) 4149(4) 0.5(1) 0.714(0)
0.02 1.859 734 10265(9) 0.6(2) 5299(5) 0.6(1) 0.718(0)
0.025 2.078 820 14188(8) 0.7(1) 7469(5) 0.5(1) 0.726(0)
0.03 2.277 899 18562(10) 0.5(1) 9948(6) 0.5(1) 0.732(0)
0.035 2.459 971 23337(13) 0.5(1) 12717(7) 0.5(1) 0.738(0)
0.04 2.630 1038 28520(12) 0.5(1) 15790(7) 0.5(1) 0.744(0)
Table F.8.: Observables ⟨A⟩, ⟨B⟩ for different values of MR and their correspond-
ing integrated autocorrelation time τint for quenched ensembles β = 2.48,
aµ = 0.0074 and L = 24. Also the result ZP /ZS is included in the table.
M2⋆ r0M M [MeV] ⟨A⟩ τint ⟨B⟩ τint ZP /ZS
0.00001 0.0544 23 28.6(6) 0.4(1) 6.9(2) 0.5(1) 0.493(8)
0.00003 0.0984 39 68(1) 0.9(4) 24.6(4) 0.6(2) 0.599(8)
0.00005 0.1276 51 92(1) 0.7(3) 36.2(6) 0.9(3) 0.629(6)
0.00007 0.1496 60 112(1) 0.5(1) 47.1(4) 0.3(1) 0.649(4)
0.0003 0.3146 125 248(2) 0.5(1) 125(1) 0.5(1) 0.708(4)
0.0005 0.4059 161 348(2) 0.4(1) 181(1) 0.5(1) 0.721(3)
0.0007 0.4830 191 446(2) 0.4(1) 236(1) 0.5(1) 0.728(3)
0.001 0.5781 228 594(3) 0.4(1) 319(2) 0.4(1) 0.733(3)
0.003 0.9989 395 1849(4) 0.4(1) 1024(2) 0.4(1) 0.744(1)
0.005 1.292 510 3524(7) 0.6(2) 1978(4) 0.6(2) 0.749(1)
0.007 1.530 604 5544(6) 0.4(1) 3134(3) 0.4(1) 0.752(1)
0.009 1.735 685 7928(9) 0.5(1) 4513(6) 0.5(1) 0.754(1)
0.01 1.830 722 9223(10) 0.5(1) 5266(6) 0.5(1) 0.756(1)
0.011 1.918 757 10555(12) 0.4(1) 6045(7) 0.4(1) 0.757(1)
0.013 2.086 823 13528(9) 0.4(1) 7791(5) 0.3(1) 0.759(0)
0.015 2.240 884 16717(13) 0.5(1) 9681(8) 0.5(1) 0.761(0)
0.02 2.587 1021 25828(17) 0.3(1) 15141(11) 0.4(1) 0.766(0)
Table F.9.: Observables ⟨A⟩, ⟨B⟩ for different values of MR and their correspond-
ing integrated autocorrelation time τint for quenched ensembles β = 2.67,
aµ = 0.0055 and L = 32. Also the result ZP /ZS is included in the table.
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F. Notes on ZP /ZS
M2⋆ r0M M [MeV] ⟨A⟩ τint ⟨B⟩ τint ZP /ZS
0.0001 0.2377 94 161(1) 0.5(1) 88.8(6) 0.5(1) 0.743(3)
0.0005 0.5287 210 462(2) 0.7(2) 278(1) 0.7(2) 0.775(3)
0.001 0.7525 297 876(3) 0.5(1) 533(2) 0.5(1) 0.780(2)
0.002 1.062 420 1927(3) 0.4(1) 1184(2) 0.4(1) 0.784(1)
0.003 1.300 515 3251(4) 0.5(1) 2005(3) 0.5(1) 0.785(1)
0.004 1.506 595 4797(6) 0.6(1) 2969(4) 0.5(1) 0.787(1)
0.005 1.682 665 6563(6) 0.4(1) 4066(4) 0.4(1) 0.787(1)
0.006 1.844 728 8555(8) 0.6(1) 5310(5) 0.6(1) 0.788(0)
0.007 1.992 786 10719(8) 0.5(1) 6666(5) 0.5(1) 0.789(0)
0.008 2.130 841 13096(8) 0.4(1) 8158(5) 0.4(1) 0.789(0)
0.009 2.258 892 15633(9) 0.5(1) 9756(6) 0.5(1) 0.79(0)
0.01 2.382 940 18344(11) 0.5(1) 11466(7) 0.5(1) 0.791(0)
Table F.10.: Observables ⟨A⟩, ⟨B⟩ for different values of MR and their corresponding
integrated autocorrelation time τint for quenched ensembles β = 2.85, aµ =
0.0043 and L = 40. Also the result ZP /ZS is included in the table.
All the errors quoted in the present section are statistical and were computed using
the method described in [80]. In addition all the results were cross-checked through an
independent analysis using the bootstrap method. Both set all results were perfectly
compatible within errors in all the cases.
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APPENDIX G
Notes on the topological susceptibility
G.1. Analogous representation of χtop for spectral projectors
and twisted mass
In this section we will partly follow the steps introduced in [106] where a definition of
the continuum topological susceptibility which is free of short distance singularities was
introduced.
We start from an expression analogous to the index theorem
Tr{γ5f(D)} = f(0)Q (G.1)
where Q is the topological charge and D is the Dirac operator.
From Eq. (G.1) the topological charge can be defined in many different ways. In
particular, in Ref. [106] the following was proposed
a4r

x1...xr
⟨Pr1(x1)S12(x2) . . . Sr−1 r(xr)⟩F = (G.2)
− Tr{γ5(Dm1)−1(Dm2)−1 . . . (Dmr)−1}
where in this case we have applied a Wilson-type Dirac operator and the ⟨⟩F represents
the fermion expectation value, i.e. Wick contractions.
Following a particular example we can easily show the intermediate steps which lead
to Eq. (G.2)
a16

x1...x4
⟨P41(x1)S12(x2)S23(x3)S34(x4)⟩F (G.3)
= a16

x1...x4

ψ4γ5ψ1 ψ1ψ2 ψ2ψ3 ψ3 ψ4

F
where for simplicity we ignore the space-time dependency. If we now apply Wick con-
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tractions
a16

x1...x4

ψ4γ5ψ1ψ1ψ2ψ2ψ3ψ3ψ4

= Tr{γ5 S1 S2 S3 S4} (G.4)
= Tr

γ5(Dm1)
−1(Dm2)
−1(Dm3)
−1(Dm4)
−1 (G.5)
where S denotes the propagators.
After the previous steps the topological charge is defined as
Q = −m1 . . .m4 a16

x1,...,x4
⟨P41(x1)S12(x2)S23(x3)S34(x4)⟩F (G.6)
Notice that the mass terms come from the evaluation at zero of f(D) = (D + mi)−1
which appears in Eq. (G.1).
We are ultimately interested in the application of the spectral projectors, and therefore
we are interested in a definition of the topological charge in terms of D†D. Eq. (G.1) is
generic enough to include the following function
Tr

γ5(Dm1)
−1(D†m2)
−1(Dm3)
−1(D†m4)
−1

, (G.7)
where we again continue with a concrete example, although the generalization is straight-
forward.
The corresponding density chain correlation function in this case would be
Tr{γ5(Dm1)−1(D†m2)−1(Dm3)−1(D†m4)−1} = Tr{γ5 S1 S†2 S3 S†4} (G.8)
= Tr{γ5 S1 γ5S2γ5 S3 γ5S4γ5} (G.9)
= a16

x1...x5

ψ4 ψ1ψ1 γ5 ψ2ψ2 γ5 ψ3ψ3 γ5 ψ4

F
(G.10)
= a16

x1...x5
⟨S41(x1) P12(x2) P23(x3) P34(x4)⟩F (G.11)
We have now a definition of the topological charge which is completely analogous to
Eq. (G.2) and therefore leads to a definition of the topological susceptibility which is free
of divergences and regularization independent.
In addition, we are interested in the twisted mass formalism, and therefore, following
the strategy presented for the mode number, we need to introduce doublets of flavors,
whose components are differently discretized . Consequently, the number of flavors which
we had in the case above will correspond to the number of doublets and the subindex
a, b corresponds to each doublet which contains two flavors u, d in the following way
ψa =

ua
da

, ψa = (ua, da), (G.12)
Thus, in order to obtain the same density chain, our correlator takes the following
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form
a16

x1...x5

S+41(x1) P
−
12(x2) P
+
23(x3) P
−
34(x4)

F
, (G.13)
where the densities are defined as
S+ab = ψaτ
+ψb = uadb (G.14)
S−ab = ψaτ
−ψb = daub (G.15)
P+ab = ψaτ
+γ5ψb = uaγ5db (G.16)
P−ab = ψaτ
−γ5ψb = daγ5ub (G.17)
Again we emphasize that the components of the doublet u, d are discretized differently
in the twisted mass formulation, and therefore it is important to differentiate them from
the beginning.
All these singularities lead to the following result
a16

x1...x5

S+41(x1) P
−
12(x2) P
+
23(x3) P
−
34(x4)

= (G.18)
= a16

x1...x5

u4d1 d1γ5u2 u2γ5d3 d3γ5u4

(G.19)
= a16

x1...x5

u4d1 d1γ5u2 u2γ5d3 d3γ5u4

(G.20)
= Tr{Sd1 γ5Su2γ5 Sd3 γ5Su4γ5γ5} = Tr{γ5 Sd1S†d2 Sd3 S†d4} (G.21)
= Tr

γ5

D†D + µ2
−2
= σ′2(µ) (G.22)
Since all the additional flavors are degenerate in mass, we can write the density chain
correlation function in terms of the spectral sum σ′2. Thus we arrive at a completely
analogous expression to what we found in the case of the mode number (Eq. (3.10)) and
therefore the application of spectral projectors should follow the same principles.
G.2. O(a2) scaling and short distance singularities
The present section is devoted to the study of the scaling towards the continuum limit
of the topological susceptibility χtop. To this end we report on the short distance singu-
larities and prove that they vanish in the continuum limit and therefore the automatic
O(a) improvement still holds for this case.
The indispensable property that any operator needs to hold in order to guarantee the
automatic O(a) improvement given by the maximally twisted mass fermions is that it
remains invariant under the R15 transformations, which written by components are
u→ iγ5d, u→ idγ5
d→ iγ5u, d→ iuγ5. (G.23)
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These transformations are equivalent to the transformations to the spinor fields given by
Eq. (2.33).
If we apply Eq. (G.23) to Eq. (G.13) we obtain the following expression:
S+41(x1) P
−
12(x2) P
+
23(x3) P
−
34(x4) = [u4d1 d1γ5u2 u2γ5d3 d3γ5u4]
R15−−→ (G.24)
(−1)4[d4u1 u1γ5d2 d2γ5u3 u3γ5d4].
As we can see recovering the original expression is not as trivial as in the case of
the mode number. In this case, we need to apply an additional symmetry: charge
conjugation. After this, a simple relabeling of the flavors gives us the original expression.
Following the steps described above it can be shown that Eq. (G.13) remains invariant
under R15 transformations. Moreover, we can also extend the discussion and conclude for
a generic, but even, number of densities, that the observable is always R1,25 even.
Analogously to App.C, we are now ready to show that the short distance singularities
do not spoil the automatic O(a) improvement, which is otherwise guaranteed for this
observable, as we just explained.
In order to prove that all the contact terms that appear in the Symanzik expansion
vanish at maximal twist we will follow a different strategy than the one we used in the
case of the chiral condensate described in Sec.4.2. We will show that all the contact terms
that arise because of the short distance singularities are R15 odd, and therefore vanish in
the continuum limit. Moreover this alternative method based on symmetry properties
can be equally applied to the mode number with the same results.
In this particular case, the Symanzik expansion of the observable takes the following
form 
d4x1 . . . d
4x5

S+41(x1)P
−
12(x2)P
+
23(x3)P
−
34(x4)S
+
56(x5)P
−
65(0)

l
(G.25a)
=

d4x1 . . . d
4x5

S+41(x1)P
−
12(x2)P
+
23(x3)P
−
34(x4)S
+
56(x5)P
−
65(0)

0
(G.25b)
+ ac1

d4x2d
4x3d
4x4d
4x5

P ↑42(x2)P
+
23(x3)P
−
34(x4)S
+
56(x5)P
−
65(0)

0
(G.25c)
+ ac2

d4x1d
4x2d
4x3d
4x5

P ↓31(x1)P
−
12(x2)P
+
23(x3)S
+
56(x5)P
−
65(0)

0
(G.25d)
− iac3

d4x1d
4x3d
4x4d
4x5

S+41(x1)S
↓
13(x3)P
−
34(x4)S
+
56(x5)P
−
65(0)

0
(G.25e)
− iac4

d4x1d
4x2d
4x4d
4x5

S+41(x1)P
−
12(x2)S
↑
24(x4)S
+
56(x5)P
−
65(0)

0
(G.25f)
+ ac5

d4x1d
4x2d
4x3d
4x4

S+41(x1)P
−
12(x2)P
+
23(x3)P
−
34(x4)P
↑
55(0)

0
, (G.25g)
+ ac5

d4x1d
4x2d
4x3d
4x4

S+41(x1)P
−
12(x2)P
+
23(x3)P
−
34(x4)P
↓
66(0)

0
, (G.25h)
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where the subindex ⟨⟩0 indicates expectation value in the continuum1.
We have applied the operator product expansion OPE to all pairs of consecutive den-
sities which have a common flavor structure. These cases lead to the only relevant short
distance singularities, since they correspond to O(a) terms in the Symanzik expansion.
When three or more densities seat at the same point the arisen term is O(a2) or even
higher power. The results of the OPE which were used to derive Eq. (G.25) correspond
to
P+(x)S−(0) x→0∼ C1(x)P ↑(0) (G.26)
P+(x)P−(0) x→0∼ C2(x)S↑(0). (G.27)
In the following lines we are going to prove that all the contact terms that appear in
Eq. (G.25) are R15 odd and therefore vanish in the continuum.
We then just apply the argument of automatic O(a) improvement [38] which is based
on the symmetries of the twisted mass lattice action.
The combined symmetry R15 ×D × [µ→ −µ] is a symmetry of the action if we are at
maximal twist. If our original operator is R1,25 even and even/odd D, then an operator
whose D is odd/even, i.e. the opposite, will have to be R1,25 odd to still be symmetric
under R15 × D × [µ → −µ]. These already tells us that our operator has the desired
automatic O(a) improvement. However we are going to prove it term by term.
One important step that has to be considered is that the contact terms vanish in pairs.
Individually the contact terms do not have a define R1,25 symmetry, whereas in pairs
it can be proven that are odd under R1,25 transformations, and therefore vanish in the
continuum limit.
We start with the first two contact terms G.25c and G.25d
P ↑42(x2)P
+
23(x3)P
−
34(x4)S
+
56(x5)P
−
65(0)

0
+

P ↓31(x1)P
−
12(x2)P
+
23(x3)S
+
56(x5)P
−
65(0)

0
=

u4γ5u2u2γ5d3d3γ5u4u5d6d6γ5u5

0
+

d3γ5d1d1γ5u2u2γ5d3u5d6d6γ5u5

0
. (G.28)
If we now apply the R1,25 transformations we obtain
− d4γ5d2d2γ5u3u3γ5d4d5u6u6γ5d5− u3γ5u1u1γ5d2d2γ5u3d5u6u6γ5d5 (G.29)
Just by relabeling the flavors in Eq. (G.29) we recover the original expression given in
Eq. (G.28) except for a global minus sign. We have thus shown that the first two contact
terms, taken in pairs, are R1,25 odd and therefore vanish in the continuum limit.
Completely equivalent is the calculation for the terms G.25g and G.25h. A bit more
difficult is to prove that the terms G.25e and G.25f are R1,25 odd, since we need to apply
charge conjugation to recover the original expression. However the calculation remains
as simple as in the case illustrated by Eq. (G.24).
1Notice that in the case S+56P
−
65 the mixing with the identity, even though it would be allowed from
the point of view of its trivial flavor structure, but it is actually forbidden because of parity reasons,
since the product is odd and the identity by construction is parity even.
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We can then conclude that whereas the original expression, in this particular case given
by Eq. (G.25b), has an even number of densities and therefore is even under R1,25 , the
O(a) contact terms which always correspond to two consecutive densities placed at the
same point, contain an odd number of densities and therefore are R1,25 odd. Since all
the R1,25 objects vanish in the continuum, none of the contact terms contribute to the
expansion if we are at maximal twist, as it is in our case.
This study can be easily expanded to a generic number of densities. However, due to
the fact that we are interested in a representation which can be written in terms of D†D,
in any case the chain will contain an even number of densities, which guarantees that the
contact terms will contain an odd number of operators and therefore will be odd under
R1,25 transformation, vanishing in the continuum.
G.3. Stochastic Estimate of the Topological Susceptibility
In order to compute the observable
χtop =

Tr{γ5R2M}Tr{γ5R2M}

(G.30)
we need to compute Tr{γ5R2M} for two different sets of stochastic sources and then
multiply them.
We start with the observable C, that was defined as
C = 1
N
N
k=1
(RMηk, γ5RMηk) (G.31)
In particular we are interested in the expectation value of the square
C2 more explic-
itly ⟨C ∗ C′⟩ where the prime indicates that both terms are computed using completely
different sets of stochastic sources
C = 1
N
N
i=1
(RMηi, γ5RMηi), C′ = 1
N
N
j=1
(RMηj , γ5RMηj) (G.32)
In this way we can compute
C2 = C ∗ C′ = 1
N
N
i=1
(RMηi, γ5RMηi)
1
N
2N
j=N+1
(RMηj , γ5RMηj) (G.33)
=
1
N2
N
i=1
2N
j=N+1
(R∗M )ab(η∗i )bγac5 RcdMηdi (R∗M )ef (η∗j )fγ
eg
5 R
gh
Mη
h
j (G.34)
We apply now that RM is hermitian and therefore the elements (RM )ij = (R∗M )ji, we
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can thus rewrite Eq. (G.33)
C2 = 1
N2
N
i=1
2N
j=N+1
RbaMγac5 RcdMR
fe
Mγ
eg
5 R
gh
M (η
∗
i )
bηdi (η
∗
j )
fηhj (G.35)
Now we need to contract the stochastic sources. In this case there is only one possibility
(η∗i )
bηdi (η
∗
j )
fηhj which gives us the following expression
C2 = 1
N2
N
i=1
2N
j=N+1
RbaMγac5 RcdMR
fe
Mγ
eg
5 R
gh
M (δ
bdδiiδ
fhδjj) (G.36)
if we apply
N
i=1
δii = N,
2N
j=N+1
δjj = N (G.37)
the N terms that appeared in front of the expression cancel
C2 =
N
i=1
2N
j=N+1
RbaMγac5 RcbMR
fe
Mγ
eg
5 R
gf
M (G.38)
=
N
i=1
2N
j=N+1
γac5 RcbMRbaMγ
eg
5 R
gf
MR
fe
M . (G.39)
At this point it is important to remember that we are working with elements of matrices
and therefore the order is not important anymore. We can rewrite it in term of tracesC2 = Tr{γ5R2M}Tr{γ5R2M} . (G.40)
The above equation tells us that we just need to compute the expectation value of C2
to obtain the topological susceptibility. However using two different sets of stochastic
sources can be a expensive procedure, since it would mean effectively to double the effort.
If instead of using two sets, we use only one and then square the result, we expect
that some correction would have to be added to the formula above. This correction will
depend on the number of stochastic sources, since we expect that the correction will
vanish in the limit of infinite sources. In the following lines we compute explicitly this
correction by inserting twice the element C evaluated using the same set of sources.
C2 = 1
N
N
i=1
(RMηi, γ5RMηi)
1
N
N
j=1
(RMηj , γ5RMηj) (G.41)
=
1
N
 1
N

i=j
(RMηi, γ5RMηi)(RMηj , γ5RMηj) (G.42)
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+
1
N

i ̸=j
(RMηi, γ5RMηi)(RMηj , γ5RMηj)
 . = 1
N
[T1 + T2]
For simplicity we analyze each term individually starting with the first one T1
T1 =
1
N

i
(RMηi, γ5RMηi)(RMηi, γ5RMηi) (G.43)
=
1
N

i
(R∗M )ab(η∗i )bγac5 RcdMηdi (R∗M )ef (η∗i )fγ
eg
5 R
gh
Mη
h
i . (G.44)
Applying again that RM is hermitian and therefore (RM )ij = (R∗M )ji we obtain
T1 =
1
N

i
RbaMγac5 RcdMR
fe
Mγ
eg
5 R
gh
M (η
∗
i )
bηdi (η
∗
i )
fηhi . (G.45)
Now if we apply the contractions of the pseudo-fermions ηi we see that in this case we
have more options
η∗i ηiη
∗
i ηi = η
∗
i ηiη
∗
i ηi + η
∗
i ηiη
∗
i ηi, (G.46)
since by construction η∗η = 1.
T1 =
1
N

i
RbaMγac5 RcdMR
fe
Mγ
eg
5 R
gh
M

δbdδiiδ
fhδii + δ
bhδiiδ
dfδii

. (G.47)
If we apply

i δiiδii = N we cancel theN factor that appears in front of the expression
and we finally get
T1 = RbaMγac5 RcbMR
fe
Mγ
eg
5 R
gf
M + R
ba
Mγ
ac
5 RcdMRdeMγ
eg
5 R
gb
M (G.48)
= γac5 RcbMRbaMγ
eg
5 R
gf
MR
fe
M + γ
ac
5 RcdMRdeMγ
eg
5 R
gb
MR
ba
M (G.49)
= Tr{γ5R2M}Tr{γ5R2M}+Tr{γ5R2Mγ5R2M}. (G.50)
We still have to analyze the second term T2
T2 =
1
N
N−1
i ̸=j
N
j
(RMηi, γ5RMηi)(RMηj , γ5RMηj) (G.51)
=
1
N

i ̸=j

j
(R∗M )ab(η∗i )bγac5 RcdMηdi (R∗M )ef (η∗j )fγ
eg
5 R
gh
Mη
h
j (G.52)
=
1
N
N−1
i ̸=j
N
j
RbaMγac5 RcdMR
fe
Mγ
eg
5 R
gh
M (η
∗
i )
bηdi (η
∗
j )
fηhj (G.53)
188
G.3. Stochastic Estimate of the Topological Susceptibility
=
1
N
N−1
i ̸=j
N
j
RbaMγac5 RcdMR
fe
Mγ
eg
5 R
gh
M (δ
abδiiδ
fhδjj). (G.54)
Now we sum up the δ’s and we get
N−1
i δii = N − 1 and
N
j δjj = N and we finally
obtain
T2 = (N − 1)RbaMγac5 RcbMRfeMγeg5 RgfM (G.55)
= (N − 1)γac5 RcbMRbaMγeg5 RgfMRfeM (G.56)
= (N − 1)Tr{γ5R2M}Tr{γ5R2M}. (G.57)
Now we have to insert the above results into Eq. (G.42)
C2 = 1
N
[T1 + T2] (G.58)
=
1
N

Tr{γ5R2M}Tr{γ5R2M}+Tr{γ5R2Mγ5R2M} (G.59)
+ (N − 1)Tr{γ5R2M}Tr{γ5R2M}

. (G.60)
Finally we obtain
C2 = Tr{γ5R2M}Tr{γ5R2M}+
1
N
Tr{γ5R2Mγ5R2M}, (G.61)
and therefore 
Tr{γ5R2M}Tr{γ5R2M}

=
C2− 1
N

Tr{γ5R2Mγ5R2M}

=
C2− ⟨B⟩
N
. (G.62)
We can see that the correction depends directly on the number of sources, as expected,
and therefore in the limit where N →∞ we recover the original expression (Eq. (G.40))
obtained when two different sets of stochastic sources are used.
G.3.1. Numerical test
In order to test numerically the theoretical proof given above we compare both resultsC2 − ⟨B⟩ /V and ⟨C1C2⟩ for the Nf = 2 ensemble b40.32, for which we computed 12
sources.
On the one hand, we computed C1 and C2 using 2 different sets of 6 sources and build
the product C1C2 for each configuration. On the other hand we computed C using 12
sources and squared the result to obtain C2.
Tab. G.1 shows the results obtained for ⟨A⟩ , ⟨B⟩ , ⟨C⟩ , ⟨C1⟩ and ⟨C2⟩. However the
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⟨A⟩ ⟨B⟩ ⟨C⟩ ⟨C1⟩ ⟨C2⟩
100.5(5) 17.8(1) -0.37(37) -0.45(41) -0.31(36)
Table G.1.: Numerical test of the stochastic correction to C. The Nf = 2 ensemble
corresponds to a 323 × 64 lattice at β = 3.9 and aµ = 0.004.
C2 C′2 ⟨C1C2⟩
10.0(1.3) 8.56(1.31) 8.54(1.29)
Table G.2.: Numerical test of the stochastic correction to C. The Nf = 2 ensemble
corresponds to a 323 × 64 lattice at β = 3.9 and aµ = 0.004. ⟨C1⟩ and ⟨C2⟩
were computed using 2 different sets of 6 sources, whereas
C2 was computed
for 12 sources.

C ′2

corresponds to the corrected
C2
most relevant information is displayed in Tab. G.2 where one can find
C2 , ⟨C1C2⟩ and
the corrected
C2 denoted by C′2 and given by
C′2 = C2− ⟨B⟩
V
, (G.63)
where V is the volume.
The results confirm that the corrected result corresponds to the value obtained using
two separated sets of stochastic sources, as expected.
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